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Abstract

The Rayleigh Bénard convection of couple stress fluid in the presence of rotational
modulation and magnetic field. Nusselt number, which is obtained as function of the slow
time scale, is used to quantify heat transport. The effects of Chandrasekhar number, Prandtl
number, Magnetic Prandtl number, Taylor number and Couple stress parameter are studied.

Keywords-Couple stress fluid, Rayleigh Bénard convection, Magnetic field, Rotational
modulation.

1. Introduction

The classical Rayleigh Bénard convection studies the convection in fluids that arise due to
variation in density as a result of temperature differences in the fluid layers. Couple stress
fluids are used as a continuum model in many fluid applications that involve suspended
particles. Couple stress fluids have distinct features, such as polar effects. These fluids
find their uses in a number of processes that occur in industry, such as the extrusion of
polymer fluids, solidification of liquid crystals, cooling of metallic plate in a bath, exotic
lubrication and colloidal and suspension solutions. The constitutive equations for couple
stress fluids were given by Stokes[1]. Since then, many authors have done some extensive
studies on Rayleigh Bénard convection of couple stress fluids. Some of the notable studies
performed in this area are by Sharma and Thakur [3], R.C Sharmaand Shivani Sharma [4],
Vivek Kumar and Sudhir Kumar [5]. Various practical applications of couple stress fluid
in industries led to the studies on Rayleigh Beénard convection in couple stress fluids in the
presence of rotation and magnetic field. Although rotation speed modulation led to the
ideas of temperature and gravity modulation, the research work in this fieldis scarce.
Therefore in the present work, we intend to investigate the onset of Rayleigh Bénard
convection in a couple stress fluid in the presence of magnetic field and rotational
modulation usingweak nonlinear stability analysis with the help of Ginzburg- Landau
model. The objective of this paper is to study how the onset criteria for convection is
affected by Prandtl number, Magnetic Prandtl number,Taylor number, Chandrasekhar
number and Couple stressparameter.

I[I. MATHEMATICAL FORMULATION

Consider a layer of couple stress liquid confined between two infinite horizontal surfaces
separated by a distance d. A Cartesian system is taken with origin in the lower boundary
and z-axis vertically upward. Lower surface is maintained at higher temperature T, + AT

and upper surface is maintained at temperature. A uniform magnetic field and variable

rotational speed 5(t) = Qo(l +&%8 coscot) is applied along the positive z axis (See Fig.1)
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Fig.1.
The basic governing equationsare:
Vg=0 ..(D)

0a (~ \- — . - - - U
po{a—i]+(qV)q+2Q(t)xq}=—VPm+pg+uV2q—p'V4q+pm(H.V)H ... (2

or (- I

E+(q.V)T—XZVT .. (3)
p=py(1-a,(T-T,)) (@)
OH ([~ \— (= \- —

E+(q.V)H:(H.V)q+ymV2H .. (5
V.H=0 ... (6)
The basic state is assumed to be quiescent, i.e,

g,=(0,0,0), Q=Q k, T =T,(2),P,, = P,.,(2).p=p,(2), Hs = H k (D

where the subscript b denotes the basic state.
Now we introduce infinitesimally small perturbations to the basic state to get

g=q' p,+p, P, =P, ,+P, T=T,+T' JH = Hk+H' ... (8)

rm.b rm >

Substituting (8) in (1) to (6), eliminating pressure by cross differentiation, introducing the
stream functions

S AP V. 3

u'=—,w= —, we get
oz ox 0z ox
o 2 2 _ R 4 176 0 > 2 or'
Py _E(V ¥)+J(V ‘P,‘P)}—2pOQ(I)E+uV W VO, Hy Y ¢+u,J(V d),(l))—poatgg
...(9)
Po _@+J(v',w)+2§(t)a—\q=uV2v'—u'V4v' ... (10)
ot Oz
a—T+J(T ¥) =1y, v YL O¥
ot d ox
(11)
ab 8‘1’ 2
Y —+vy,V (12
5~ (Pb) = Hy— -7, V7% (12)
Equations (9) to (12) are rendered dimensionless using the following transformations.
(x*,z*)z(x Zj oLty Y e L o Lo W M
d’d % (7d)" (&*/v,) AT (x/d) (x/d) H,
The dimensionless equations are given by
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—@U(\P $)
ot ’
_LI:@_J(\P’V)}
L Pr| ot |
2 2 2 72 ' 3
Where Pr—— 1a—( 2% p Tu o A o n _and R = 28L AT,
PoX: u % Hy,, pnd X,

The system of equations (13) are solved for free- free isothermal boundary conditions
Y=V¥W=T=¢=Dp=0atz=0,1.

Finite Amplitude Equation, Heat and Mass Transfer

We now introduce the following asymptotic expansions in (13).

R=R,+&’R, +&'R, +...

Y=e¥, +’, +&"W, +....

v=ev +EV, +8V, +..

T=¢T, +&'T,+&T, +....

d=ged, +€°d, +£°0, +....

At the lowest mode, we have

-Vi+cve Roi —megv2 a2
ox 0z 0z
¥ 0
9 _y? 0 0 1
ox | 10
5 =lo ...(14)
- 0 —PmV? 0 ]
0z v, 0
VTR 0 V24OV
L 0z ]

The solution to the lowest order system is given as
¥, = A(1)sin(K x)sin(nz)
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I = —];” A(r)cos(ch)sin(Tcz)

¢, = s A(t)sin(KCx)cos(nz)
% ——L%A(t)sin(K x)cos(nz)
b8 (1+c8) ¢

where 8’ =K + 1’

.\ . . Tar’ on’s’? 56(1+C52)
The critical Rayleigh number is given by R, = +
yiIg & Y fo Kf(1+C82) K? K>
At the second order, we have,
-Vi+cve ROi —meivz _rah 2
ox z z
0 ) ¥, R,,
— -V 0 0
Ox T, _ R,,
A 0 —PmV* 0 b | | R
24 Y, R,
w2 o 0 V24OV
L 0z
where
R, =0
A7)’ K>
R, = —%sin@m)
A(’C)Z K*n* .
=———"—° gqin(2K x
3 2Pmd* (2K.x)
1
A(r)2 K n2TaA
R,=- < sin(2K x
2“ 2Pm82(1+C62) (2K)
The second order solutions are as follows.
¥, =0
K’ 2 .
T, = s A(’E) s1n(2nz)
2
T 2 .
0, = _—SKCPmZSZ A(r) sm(2KCx)
nZTa% 2
Vv, = Alt) sin(2K x
8K, Pro’(1+C8)(1+4K?) (<) sin(2K.x)
2
The horizontally averaged Nusselt number is given by Nu(t)=1+ SKESZ Aty
TCT

At the third order, we have

=

e < A ey
S S

AP ———

...(15)
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where
1 0 1 o7, JA ov,
Ry==p VWt o [T( 2.V, )+ (2, V2, ) |+ OPm[ T (V0,.0,)+ T (V'0,.,) |- R, = Ta "cosor
R, =J(¥.T,)+J(¥,.T;)- a4
%
R, ZJ(‘P1,¢2)+J(‘I’2,¢1)—8—T1
R34:—i@—Ta/SCosmt%
Pr ot Oz

Now we apply the solvability condition for the criterion of the third order solution of the
system (16) to arrive at the non-autonomous Ginzburg Landau equation for stationary
convection with time periodic coefficients in theform
AA' (1)~ 4,4(7)+ 4,A4(x)’ =0
where

R0K2 on’ Tan’ K’R, 2Tan’cosot
Pr 5 62Pm_§4(1+C52)2pr’ 2T 82(1+C82)

1=

_on'k:  or +K3Ro
P 2Pm?st  4APm*s® 8%*

The Ginzburg-Landau equation given in (17) is Bernoulli equation and hence, obtaining its
analytical solution is difficult as it is autonomous in nature. Inview of this, it has been
solved numerically using Mathematica, subject tothe initial condition A(0) = a0 , where a0
is the chosen initial amplitude ofconvection.

III. RESULTS AND DISCUSSIONS

In this paper, a nonlinear analysis is performed to study the effect of magnetic field and
rotational modulation on Rayleigh Beénard convection ofa couple stress fluid. Autonomous
Ginzburg-Landau equation is derived to study the effects of parameters of theproblem on heat
and mass transfer.

Fig (2) shows the variation of Nu with for different values of couplestress parameter C. It is
observed that as C increases Nu decreases. The presence of couple stress increases the
viscosity of the fluid and hence as C increases, more heating is required to make the system
unstable, indicating the stabilising effect of C. Fig (3) shows the variation of Nu with for
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different values of Pr. It is found that Nu increases as Princreases, indicating the destabilising
effect. Fig (4) to (6) show the variation of Nu with for different values of 7a, Pm and Q
respectively. It is found that Nu decreases with increase in 7a, Pm and Q, showing the
delayed onset of convection.
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Fig. 2. Variation of Nu with r for different values ofC
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IV. CONCLUSIONS

The combined effect of magnetic field and rotational modulation on Rayleigh Bénard
convection of a couple stress fluid has been studied by employing nonlinear analysis using
Ginzburg- Landau model. The results have been obtained in terms of Nusselt number, and the
effects of various parameters have been obtained graphically. The following are the
observations.

1. The effect of increasing Couple stress parameter is to decrease the Nusselt number, thus
indicating stabilising effect.

2. The effect of increasing Prandtl number is to advance the onset of convection, and thus
heat and mass transfer.

3. Increasing Taylor number has a stabilising effect by delaying the onset of convection,
hence reducing heat and mass transfer.

4. The effect of increasing Magnetic Prandtl number is to decrease Nusselt number, thus
indicating stabilising effect.

5. The effect of increasing Chandrasekhar number is to decrease Nusselt number, hence
delaying the onset of convection.
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