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Abstract

For a graph G, topological cordial labeling for G is an injective function f: V(G) — 2%, X is anon — empty
set such that |[V(G)| > |X] that induces a function f*:E(G) — {0,1} defined as f*(uv) = 0if f(u) N
f(v) is an empty set or a singleton set and 1 otherwise for all edges in G such that |es(0) — ef(1)] is
atmost 1 where ef(1) denotes number of edges labelled with 1 and ef(0) denotes the number of edges
labelled with 0. Also {f(V(G))} forms a topology on X. The graph which admits a topological cordial
labeling is called a topological cordial graph. In this paper, we discuss topological cordial labelling for
some different types of graphs.

Keywords: Bistar graph, Umbrella graph, Butterfly graph, Double wheel graph, Double fan graph, Gear
graph, Helm graph.

1 Introduction

In this paper we study only simple, finite and undirected graphs. The graph G has a vertex set V(G) and
the edge set E(G). We refer to Bondy and Murthy[2] for notations and terminology. Acharya[1] developed
another connection between graph theory and point set topology. S Selestin Lina and Asha S[3] introduced
the topological cordial labeling and studied the topological cordial labeling for vertex switching of cycle
Cn (n = 3) and David’s star graph. In this paper, we proved topological cordial labeling for some different
types of graphs.

2 Basic Definitions
Definition 2.1

A topological cordial labeling of a graph G = (V(G), E(G)) with n vertices is an injective function
f:V(G) — 2% where |X| < n and non-empty and {f (V(G))} forms a topology on X, finduces a function
fE(G) - {0,1} given by
F*(uv) = { 1 if f(w) N f(v) is not a empty set and not a singleton set
0 otherwise

for every uv € E(G) such that |ef(0) - ef(l)J < 1, where e;(0) denotes the number of edges labelled
with 0 and ef(1) denotes the number of edges labelled with 1. The graph G which admits topological
cordial labeling is called a topological cordial graph.
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Definition 2.2
Bistar graph B,, ,is obtained by joining an edge to the centre vertices of two copies of K .
Definition 2.3
An Umbrella graph U, ,,, is obtained by joining the central vertex of a fan graph F,, to a path B,.
Definition 2.4
Butterfly graph BE,, ,is obtained by joining two cycles C,, and n pendent edges with the common vertex.
Definition 2.5

A double wheel graph DW,, of size n can be composed of 2C,, + K;. It consists of two cycles of size
n where vertices of two cycles are all connected to a central vertex.

Definition 2.6

Let G be a graph with centre vertex. Then < G, K;,, >, m = 1 is the graph obtained by attaching the
centre vertex of Kj ,,, to centre vertex of the graph G.

Definition 2.7

A Gear graph G, is obtained from the wheel W,, by adding a vertex between every pair of adjacent vertices
of the n cycle.

Definition 2.8

The Helm graph H,, is the graph obtained from a wheel by attaching a pendent edge at each vertex of the
n cycle.

Definition 2.9

The double fan graph DE, consists of two fan graph that have a common path.
3 Topological cordial labeling for some different types of graphs
Theorem 3.1 The bistar graph B,, , is a topological cordial graph for all n € N.
Proof:

Let G = B, ,, be a bistar graph.

Let V(G) = {uq, Uy, oo, Uy, V1, oe, U ).

Then |[V(G)| = 2n + 2

Let E(G) = {vyujp1/1<i<n}u{vv;/1<i<n}

|E(G)|=2n+1

Take X = {1,2, ..., |V(G)| — 1}
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A function f:V(G) — 2% defined by
flu) = ¢, fu)=1{12,..,i—1},i € {1,2,...,n},
fw)=1{1,...n—1+i},ie{1,2,..,n}
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

£*(uw) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).
Here f*(uyu;) =0, for1 <i<nand f*(vyv;) =1for1<i<n.
Here e;(1) =nand ef(0) =n+1, |ef(0) — ef(1)| < 1.

Hence f is a topological cordial labeling and G is a topological cordial graph.

Example 3.2

{1,2}
us

{1,2,3}

{1,2,....4}
us

Fig 3.1  Topological cordial labeling of B, 4
Theorem 3.3 The graph < Uy, 1y, K1 m—3 >, m > 3 is a topological cordial graph.
Proof:
Let the vertices of Uy, p, be uy, Uy, ..., Uy, V1, ..., Uy, and the new vertices be w,wy, wy, ..., Wy, _3.
Let v,be the centre vertex of Uy, .
LetG =< Upm Kim-3 >
Let V(G) = {uq, Uy, ., U, V1, «ey Vmy Wi, Wa, «.., W3} and |[V(G)| = 3m — 3,

EG) ={wuj/2<i<m-1JUuf{uyv,/1<i<m}ufvv/1<i<m-1}U{vyw/1<i
<m-— 3}

Then |[E(G)| = 4m — 5

LetX ={1,2,.., |[V(6)| - 1}
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Define a function f:V(G) — 2% as follows:

S =¢,f(w) ={12,..,i} for2<ism, f(wy_3) ={1},

fu) ={12,...m+i} for1<i<m, f(w)) ={1,2,..2m+i}for1<i<m-3
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

£*(uw) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).

Here f*(v1v3) =0, f"(vjvig1) = Lfori € {2, ..., m}, . f"(Wujp1) =1 for1<i<m-—1,
ff(rwp—3) =0, f*(viu;)) =0 for 1<i<m,f"(v;w;) =0 for 1<i<m-—3.

Then ef(0) is 2m — 2 and ef(1) is 2m — 3
Therefore |ef(0) - ef(l)J <1
Hence f is a topological cordial labeling and G is a topological cordial graph.

Example 3.4

{1,2,..,734v7
Fig 3.2 Topological cordial labeling of < U; 7, K; 4 >
Theorem 3.5 The Butterfly graph BF,, ,, is a topological cordial graph if n = 2m — 8, m = 4.
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Proof:
Let G = BFom-g ,m =4
Let v, be the common centre vertex of G
Let V(G) = {V1, v, V) Vma1s =+ » Vam—1, U1, Uz, «v, Uzm—g } bE the vertices of G
Then |V(G)| = 4m — 9,

EG) ={vywi;1/1<i<m-1m+1<i<2m-2}U{vv,} U{vivom_1 }U{viVmsi}
Uf{ru;/1<i<2m-8}

Then |[E(G)| = 4m — 8
LetX ={1,2,..,|V(G)| — 1}
Define a function f:V(G) — 2% as follows:
f) =, fu) ={1},f(v) ={1,....,i},i€{2,...2m -1},
fw)={1,..2m—-1)+i},2<i<2m-—8
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

F*(uv) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).

Here f*(vv;) =0fori=2,mm+1,2m -1, f*(v;u;) =0for1 <i<2m -8, f"(vjvi;1) =

1 for2<i<mm+1<i<Zm-2
Then ef(0) = 2m — 4 and e;(1) = 2m — 4
Therefore |ef(0) — e (1) < 1.

Hence f is a topological cordial labeling and G is a topological cordial graph.
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Example 3.6

{1} {1,2,...,10}

Fig 3.3  Topological cordial labeling of BF; ,
Theorem 3.7 The graph < DW,, K;; >, n = 3 is a topological cordial graph.
Proof:
Let G =<DW,,K;; >

Then V(G) = {vy, V1, v, Vns1, U, Uy, ..., Uy } be the vertices of G, where vy, is the centre vertex of DW,.

Then |V(G)| =2n+ 2

EG)={vv/2<i<n+1}u{viy/l1<i<nju{yu/1<i<n-1}U{vv,,/2<i<n}

U {v1vo} U {uqus} U {vpvp4q}
Then |[E(G)| =4n + 1
LetX = {1,2, ..., [V(G)| — 1}
Define a function f:V(G) — 2% as follows:
f(vy) = 9, flvy) ={1}, fw)=1{12,..,i},i€{2,..,n+1}.
fu)={12,...,n+1+i},i€{1,2,..,n},
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

F*(u) = { if f(u) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).
Here f*(viv;)) =0for2<i<n+1,f"(vyu;)) =0for1<i<n,f"(vivy) =0
ffluiuip) =1for1<i<n—-1,f"(uu) =1, f " (vvj41) =1 for 2<i<n,
fT(wavpe) = 1.
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Then e;(0) = 2n + 1 and ef(1) = 2n
Therefore |ef(0) - ef(l)] <1
Hence f is a topological cordial labeling and G is a topological cordial graph.

Example 3.8

Fig 3.4  Topological cordial labeling of < DWg, K; ; >

Theorem 3.9 The graph < DF,, K;,, >,n = 2 is a topological cordial graph.

Proof:

Let {v,u, uy, uy, ..., u, } be the vertices of DF,

Let {vg, V1, ,, ..., ¥ } be the vertices of K; ,,

Let E(DE) ={vu;/1 <i<n}U{uy;/1 <i<n}u{yu,,/1<i<n-1}

Let G be the graph obtained by attaching the centre vertex of DF, say v to centre vertex of K;
G =<DE,, Ky, >

Then V(G) = {v,u, vy, vy, ..., Uy, Uyq, Uy, ..., U, } be the vertex set of G

Then |V(G)| = 2n + 2,
E@G)={v/1<i<n}uU{vy/l1<i<n}Uf{uy;/1<i<n}U{uu,,/1<i<n}
Then |[E(G)| =4n—1

LetX ={1,2,.., |[V(6)| - 1}

Define a function f:V(G) — 2% as follows:
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fw)=¢, fw)=1{12,..,i}for1<i<n.
fw)={12,..2n+1}, f(w)) ={1,2,...,n+i} for1<i<n,
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

£*(uw) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).

Here f*(vv;) =0 for1<i<n,f"(vuy;) =0for1<i<n,

ffluiuip) =1for1<i<n—-1,f"(uy) =1for1<i<n.

Then ef(0) = 2n and ef(1) = 2n—1

Therefore |ef(0) - ef(l)J <1

Hence f is a topological cordial labeling and G is a topological cordial graph.

Example 3.10

{]} {]12} {19%’3} {]121-"54} {192’""5}

Us

1,2,...,11}

Fig 3.5 Topological cordial labeling of < DFs, K, , >

Theorem 3.11 A graph obtained from Gear graph G, by attaching the centre vertex of K; ,_3 to any
vertex of G,, of degree 2 or 3 is a topological cordial graph.

Proof:
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Let {v, vy, v, ..., V2, } be the vertex set of G,
Let {u, uq, uy, ..., un_3} be the vertex set of Ky ,,_3
Let E(G,) = {vy;/i =2m+1 form=12,..,n—1}U{vv;;1/1 <i<2n—1} U {vy,v,}
Let G be the graph obtained by attaching K; ,,_3 to any vertex of G, for some v, where 1 < k < n.
Then V(G) = {v,v4, V3, ..., Up, Uq, Uy, ..., Uy _3 t De the vertex set of G
Then |[V(G)| = 2n + 1,
E(G) =E(G) V{vu;/1<i<n-3}L
Then |E(G)| = 3n
LetX ={1,2,..,|V(G)| — 1}
Define a function f: V(G) — 2% as follows:
fwy=¢,f(v,) ={1}, fw)={12,..,i+1}for1<i<n-3.

. {1,2,...,.n+1i-3} fori<k
< i< .) =
Forl<isnf(v) {{1,2,...,n+i—4} fori>k
Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

F*(u) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).

Here f*(vyu;) =0 for1<i<n-3,

ffoivip)) =1for1<i<2n—1landi#k,f " (vivy,) = 1.

(W vk41) = 0and f*(v_1vy) =0, If k = 1, then vy,_; = v,, and if k = 2n, then vy, = v
Then ef(0) = 2n — 1 and ef(1) = 2n — 2

Therefore |ef(0) - ef(l)J <1

Hence f is a topological cordial labeling and G is a topological cordial graph.
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Example 3.12

i1,2,..,6}

{1,2,....14} {1,2,...,7}

{12}

Uy
1

= {1,2,3}
u;

{1,2,...,13} VY10

{1,2,...4}

{1.2,....12} 4 {1,2,...,8! g

11,2,...,10}

Fig 3.6 Topological cordial labeling of vertex of degree 2 of G4 attached to centre vertex of Ky ,_3

Theorem 3.13 A graph obtained from Helm graph H,, by attaching centre vertex of K; ,,_; to any
pendent vertex of H,, is a topological cordial graph.

Proof:

Let {v, vy, vy, ..., Uy, Uq, Uy, ..., U, } be the vertex set of H,, where u,, u,, ..., u, be the pendent
Let {w, wy,wy, ..., w,,_1} be the vertex set of Ky ;,_1

Let E(H,) ={vv;/1 <i<n}U{viu;/1<i<n}U{v,v}

Let G be the graph obtained by attaching K ,, to any pendent vertex of H,, for some v, ,where 1 < k <
n.

Then V(G) = {v, v1, Uy, .o, Up, Ug, Ug, oo, Uy, Wy, Wo, ..., W, _1 } be the vertex set of G
Then |V(G)| = 3n

E(G) =E(H,) V{yw;/1<i<n-1}L

Then |[E(G)| =4n—1

LetX = {12, .., |V(®)| — 1}

Define a function f:V(G) — 2% as follows:
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fw)=9¢, fw)={12,..,i+1}for1<i<n, f(u,)=1{1}

{1,2,...,n+1+i} fori<k
{1,2,...,n+1i} fori>k

fw)={12,..2n+i} forl<i<n-—1

ForlSiSn,f(ui)z{

Here all the vertex labels are distinct and form a topology on X.
Then the induced function f*: E(G) — {0,1} given by

£*(uw) = { if f(w) N f(v) is not an empty set and not a singleton set
otherwise

for all uv € E(G).

Here f*(vv;) =0 for1<i<n,

fflyuw;)) =0 for1<i<n-1, f*(vivi;1) =1for1<i<n-1.
ffviu;)) =1for1<i<n, f*(veur) =0

Then e;(0) = 2nand ef(1) = 2n — 1

Therefore |e(0) — e;(1)| < 1

Hence f is a topological cordial labeling and G is a topological cordial graph.

Example 3.14

uy 12,11}

V3

V4
12,50 1 {124}
1
1
12919, us

{1,2,0..,8}

Fig 3.7 Topological cordial labeling of pendent vertex of Hs attached to centre vertex of K; ,_4
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4 Conclusion

Topological cordial labeling for few graphs were studied. In this study, the conditions for a bistar graph,
Umbrella graph, butterfly graph, wheel graph, double fan graph, Helm graph and Gear graph to be a
topological cordial graphs were found. Further we extend to study the topological cordial labeling of path
related graphs.
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