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Abstract:

A radio D-distance in harmonic mean labelling of a connect graph G is an injective

map f from the vertex set V(G) to the N such that for two distinct vertices u and v of G,

D EACHIO) D . o .
d (u,v)+[f(u)+f(v)] > diam”(G) + 1. The radio D-distance harmonic mean number of

f,rhPn(f) is the maximum number assigned to any vertex of ¢ On Radio D-distance harmonic

mean number of quadrilateral snake graph and doublequaderilateral snake graph.
Key words: Quadrilateral snake graph, Doublequadrilateral snake graph
Introduction:

A graph G = (V,E) we mean a finite undirected graph without loops or multiple
edges. The order and size of G are denoted by p and g respectively. Graph labelling was
introduced by Alexander Rosa in 1967. Radio mean labelling was introduced by
S.Somasundaram and R.Ponraj in 2004. Harmonic mean labelling was introduced by

S.Somasundaram and S.S.Sandhya in 2012.

The concept of D-distance was introduced by D.Reddy Babu et al. The concept of radio
D-distance was introduced by T.Nicholas and K.John Bosco in 2017.

Radio labelling (multi-level distance labelling)can be regarded as an extension of
distance-two labelling which is motivated by the channel assignment problem introduced by
Hale[6]. Chartrand et al. [2] introduced the concept of radio labelling of graph. Chartrand et

al.[3] gave the upper bound for the radio number of path. The exact value for the radio number of
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path and cycle was given by Liu and Zhu [10]. However Chartrand et al.[2] obtained different
values than Liu and Zhu [10]. They found the lower and upper bound for the radio number of
cycle. Liu [9] gave the lower bound for the radio number of tree. The exact value for the radio
number of Hypercube was given by R. Khennoufa and O. Togni [8]. M. M. Rivera et al. [20].

The concept of D-distance was introduced by D. Reddy Babu et al. [17,18,19]. If u, v are
vertices of connected graph G, the D-length of a connected u — v path s is defined as [P (s) =
I(s) + deg(v) + deg(u) + ), deg(w) where the sum runs over all international vertices w of s
and I(s) is the length of the path. The D-distance d”(u,v) between two vertices u,v of a
connected graph. G is defined a d”(u, v) = min {I{?(s)} where the minimum is taken over all
u — v path s in G. In other words, d? (u, v) = min {{(s) + deg(v) + deg(u) + Y. deg(w) where
the sum runs over all intermediate vertices w in s and minimum is taken over all u — v path s in
G.

In this paper we introduce the concept the radio D-distance in harmonic mean number. A
radio D-distance in harmonic labelling is a one to one mapping f from V(G) to N satisfying

condition.

D 2f(w)f() . D
d®(u,v) + [f( T )] diam®(G) + 1.

For every u, veV (G). The span of a labelling f is the maximum integer that f maps to a
vertex of G. The radio D-distance harmonic mean number of G, rhPn(G) is the lowest span
taken over all radio D-distance mean labelling of the graph G. The condition is called radio D-
distance mean condition. In this paper we determine the radio harmonic mean number of some
well-known graphs. The function f:V(G) — N always represents injective map unless otherwise
stated.

Theorem: 2.1

The radio D-distance in harmonic mean number of a quadrilateral snake
rh®n(Q,,) = 8n —8,n > 3.
Proof:

Let V(Q,) = {vsw; i=12,..,nj=12,..2n— 2} be the vertex set
and E(Qn){viviﬂ, ViU, Uity q i=12,..,n—-1,j=12,..2n— 3} be the
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edge set. Some distances are dP(vy,v,) =7,dP(v,,v3) =9, dP(vy,uy) =
5, dP(uy,uz) = 10,d”(uy, upy—p) = 5n+ 1. It is obvious that diam®(Qny =
5n + 1. The radio d-distance in harmonic mean condition implies that

D f)f) . D
d”(u,v )+[f( )+f()] diam” (Qny +1

For every pair of u + v.
If vertex are adjacent
For d? (v, v,)

D 2f(w1)f (y)
A7 (v, va) + [f(v1)+f(v2)

2(5n- 5)f(172) >5
(5n-5)+f(v;)

f(v,) =5n—-4
For d® (v,, v3)

D 2f(wy)f (v3)
@ (vy,v5) + [ | 2 5n + 2

>5n+2

n—>5

2(5n—4)f (v3) > 5n

(5n—4)+f(v3) —7
f(v3) =5n-3
f(v;) =5n—6+1, 4<i<n

Therefore f(v,) = 6n—6
If vertex are nonadjacent

For d?(vy, uy)

D 2f(wf (uy)
d(vpu) + [f(v1)+f(u1) 2 5n +2

2(5n-5) ()
Gr-s+rapl = "

flu)) =6n->5
For d® (uy, uy)

D 2f(uy)f (uy)
d”(uq,uy) + [—f( ~ il = 5n+ 2

-3
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2(6n—5)f (uz) >5
(6n—5)+f(uz)

f(u) =6n-—4
For d® (uy, us3)

D 2f (uz)f (us)
d” (uy,us) + [—f(u2)+f(u3) >5n+2

2(6n—-4)f (u3)
(6n—4)+f(us3)

fluz) =6n-3
f(u;)) =6n—-6+1, 4<i<n.

n—3

>5n—-8

Therefore f(u,,) = 7n — 6.

fu;)) =6n—6+1, n+l1-2<i<n+n-2.
Therefore f(uy,_,) = 8n — 8.

Thatis, rh°n(Q,) <8n—8  .......... (1)

Since Q,, has 3n — 2 vertices, it requires 3n — 2 distinct labels. Also by the radio
d-distance harmonic mean condition, (5n — 6) labels between 1 and (5n — 5) are
forbidden.

Hence rh’n(Q,) =8n—8............. (2)
From (1) and (2), the result follows
Hence rh’n(Q,) = 8n—8if n > 3

Hence the proof.

Example:
31 32 33 34 35 36 37 38 39 40
25 26 27 28 29 30
Figure 5.14 rh®n(Q,) = 40
Theorem: 1.2
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The radio D-distance in hrmonic mean number of a double quadrilateral
snake graph rh®n[D(Q,,)] = 12n — 13, if n = 3.

Proof:

Let V(DQ,) ={v,u;,w, i=12,...mjk=12..,2n—-2} be the
vertex set and E[D(Qn)] = {vivit1, viwj, viwg, viuj, viw; i =12,..,n;j,k =
1,2,..,2n} be the edge set. Some distances are d”(v,,v,) = 10,d? (v,,v3) = 13,
d®(vy,uy) = 6, d°(uy,u,) =5, dD(uz,ug) =12, d° (v, wy) =
6, d°(wy,w,) =5, dP(w,, w3) = 12,dP (uy, wo,—,) = 7n — 1. It is obvious that
diam®[D(Q,)] = 7n — 1.

The radio D-distance in harmonic mean condition implies that

D 2f(Wf ) . D
d”(u,v) + [f( e )] diam”[D(Q,)] + 1

Fix f(v,) = 7n — 8
For d? (v, v,)

D 2f(w)f ;)
"y, v2)+[f(v1)+f(vz) = 7n

2(7n—-8)f(v;)

(7Tn—-8)+f(v,)
f(vy) =7Tn -7
For d® (v,, v3)

D 2f(vp)f (v3)
d7(v2,v3) + [f(vz)+f(v3) = 7n

2(7Tn=7)f (v3)

>7n—10

G-l = 13
flv3) =Tn—6
f(w;)) =7n—9 +1, 4<i<n

Therefore f(v,) =8n —9

For d?(vy, uy)

D 2f(wf (uy)
A7 (v ) + [f(v1)+f(u1) = 7n

2(7n—-8)f (us)

eyl = M6
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f(u;)) =8n-—8
For d® (uy, uy)

fup+fu)l —

[2(8n—8)f(u2)
fu)+f(uy)

flu) =8n-7
For d® (uy, us3)

D 2f (uz)f (us)
d(uz, u3) +[f(uz)+f(u3) = 7n

2(8n—=7)f (u3)
(8n-7)+1(usz)

f(uz3) =8n—7
fu;) =8n—-9+1i, 4<i<n
flup) =9 -9

>7n—-5

>7n—12

f(u;)) =8n—9 +1, n+1-2<i<n+n-2

f(uZn_Z) =10n — 11.

For d®? (vy, wy)

2
dP (v, wy) + [—f (v)li]}z ((‘:Z)) > 7n

2(7n—8)f (wy)
(7n—8)+f(w1)

f(wy;) =10n—10

>7n—6

For dD (Wl, Wz)

D 2f(wy)f (w,)
d7(wy,wp) + [f(W1)+f(Wz) = 7n

2(10n—10)f(wy)
(10n—-10)+f(wy)

F(w,) =10n—9

>7n—5

For dD(Wz, W3)

D 2f(wy)f (ws)
d7(wz,ws) + [f(Wz)+f(W3) = 7n
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2(10n-9)f (w5) B
Qon=oy+reml = 712

ol
f(wg) =10n — 8

f(w;) =10n — 11 + i, 4< i<n.

fw,) = 11n — 11.

fw;) =10n — 11+, n+l1-2<i<n+n-2.
f(Wyn_o) = 12n — 13.

Thatis, Th?n(D(Q,)) < 12n—13.......... (1)

Since D(Q,,) has 5n — 4 vertices, it requires 5n — 4 distinct labels. Also by the
radio d-distance harmonic mean condition, (7n — 9) labels between 1 and
(7n — 8) are forbidden.

Hence rh’n(D(Q,)) = 12n— 13 ............. (2)
From (1) and (2), the result follows
Hence rh’n[D(Q,)] = 12n — 13, if n > 3.

Hence the proof.

Example:
40 41 42 43 4 45 46 47 48 49
35 36 37 38
34 39
50 51 52 53 54 55 56 57 58 59
Figure 5.15 rh®n[D(Q4)] = 59
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