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Abstract

Graph theory is one of the few branches of mathematics that may be said to have a
precise starting date. In 1736, Leonhard Euler solved a celebrated problem, known as the
Konigsberg bridges problem. The question had been posed whether it was possible to walk over
all the seven bridges spanning the river pregel in Konigsberg just once without retracing one’s
footsteps. Euler reduced the question to a graph theoretical problem, and found an ingenious
solution. Euler’s solution marked not only the introduction of the discipline of graph theory but
also the first applications of the discipline to a specific problem. Since its inception, graph theory
has been exploited for the solution of numerous practical problems, and today still retains an
applied character. In the early days, very important strides were made in the development of
graph theory by the investigation of some very concrete problems, e.g. Kirchhoff’s study of
electrical circuits, and Cayley’s attempts to enumerate chemical isomers. Also many branches of
mathematics such as group theory, matrix theory, numerical analysis, probability and topology
have their interaction with graph theory. It has also become more and more clear in recent years
that the two disciplines of graph theory and computer science have much in common and

thateach is capable of assisting significantly in the development of the other.
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Introduction to Magic Types Graph Labeling
Motivation:

A magic square is an arrangement of numbers in the form of a square so that the sum of
the entries in the rows, in the columns and in the diagonals is always the same. This kind of
puzzle of constructing a magic square is known to people for more than 4000 years and the
earliest recorded appearance dating to about 2200 BC, in China. Magic graphs are related to the
well-known magic squares. In 1960s, attempts were made to apply this concept to graphs. The
idea is to label with positive integers, the vertices and edges of a graph in such a way that the
sum of all the labels associated with the vertices or the edges is a constant and a graph possessing

such a property is said to be magic.

Labeling of graphs is one of the most interesting areas of investigation in graph theory. A
labeling of a graph G is an assignment of integers to the vertices or to the edges or to both,
satisfying certain conditions. If the domain of a labeling is the vertex set alone or the edge set
alone, then it is called a vertex or an edge labeling respectively. If the domain of a labeling is the
set of vertices and edges, then such a labeling is called a total labeling. Further, if we consider
the plane graphs, it is also possible to label the faces of these graphs. Labeled graphs have wide
applications in many fields, such as x-rays crystallography, coding theory, cryptography, radar,
astronomy, circuit design, and communication network addressing. Different types of graph
labeling such as graceful, harmonious, magic, antimagic etc., have been studied by many
authors. Numerous variations of labeling have been investigated in the literature. A survey on
recent results, conjectures and open problems on graph labeling is presented by J.A. Gallian [24].
In this thesis, we study about vertex magic, vertex bimagic, edge magic, edge bimagic and face

magic labeling of graphs.
Vertex magic, vertex antimagic and vertex bimagic labeling

In 2002, MacDougall et al. [31] introduced the notion of vertex magic total labeling. A
one-to-one mapping 4 from V v E onto the integers {1, 2, ..., p + q} is a vertex magic total

labeling of a graph G(v, E) if there is a constant k sO
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that

for every vertex u, weight of the vertex under A, wiy(u) = A(u) + Z AMuv) = k.
uveE

In [31] the authors have studied properties of vertex magic graphs and identified families of
graphs having vertex magic total labeling and also classes of graphs which do not admit vertex
magic total labeling. Vertex magic total labeling has also been extensively studied by many
authors [11, 17, 33, 36]. MacDougall et al. [32] further introduced the concept of super vertex
magic labeling. An vertex magic total labeling 1 of a graph G is called super vertex magic
labeling if A(V ) = {1, 2, ..., p}. Swaminathan and Jeyanthi [45] called a vertex magic total
labeling A of G as E-super vertex magic labeling if A(E) = {1, 2, ..., q}. Recently Marimuthu and

Balakrishnan [34] studied E-super vertex magic labeling extensively.

The definition of (a, d) vertex antimagic total labeling was introduced by Baca et al. in
[16]. A graph G is said to be (a, d) vertex antimagic total graph if there exist positive integers a,
d and a bijectionl from V U E on to the set of consecutive integers {1, 2, ..., p + q} such that the
induced mapping g.: V' — W is also a bijection, where W = {wt;(x)/x €V } = {a, a+d, a+2d, ...,
a+(p—1)d} is the set of weights of vertices in G. Such a labeling is called super if the smallest
possible labels appear on the vertices. Yegnanarayanan [51] defined several variations of vertex
magic labeling and vertex antimagic labeling namely, (1, 1) vertex magic labeling, (1, 0) vertex
magic labeling, (0, 1) vertex magic labeling, (1, 1) — (a, d) vertex antimagic labeling, (1, 0) — (a,
d) vertex antimagic labeling, (0, 1) — (a, d) vertex antimagic labeling and also investigated the
existence of such labeling on a number of classes of graphs. Further (1, 1) vertex bimagic

labeling was introduced byBaskarBabujee in [19].
Face magic labeling

The notion of face magic labeling of plane graphs was introduced by Ko Wei Lih [30] in
1983. However, the subject of face magic labeling can be traced back to the 13th century when
similar notions were investigated by the Chinese Mathematician Yang Hui (1275). This concept
was further developed by Chang Chhao (1670). Lih [30] extended this concept to face magic

labeling as follows: Let G = (V, E, F) be a finite plane graph where V, E and F are its vertex set,
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edge set and set of faces respectively with [V | =p, |E| = g and |F| = f. A labeling of type (a, b,
c) of G assigns labels from the set {1, 2, ...,ap+ bg+ cf} to vertices, edges and faces of G such
that each vertex receives a-label, each edge receives b-label and each face receives c-label and
each label is used exactly once. a, b and c are restricted to the values of {0, 1}. Labeling of type
(1, 0, 0),(0, 1, 0) and (0, O, 1) are called vertex labeling, edge labeling and face labeling
respectively. The weight of a face wt(f) under a labeling is the sum of labels of a face together
with labels of vertices and edges forming that face. A labeling is said to be magic, if for every
positive integer s, all s-sided faces have the same weight and we allow different weights for

different s.

Lih [30] described face magic labeling of type (1, 1, 0) for wheel, friendship graphs,
prisms and some of platonic polyhedra. Baca [12] has described magic and consecutive labeling
for fans, planar pyramids and ladders. The face magic labeling of type (1, 1, 1) for Mobius
ladder, grid graphs and honeycomb are proved in [13, 14, 15]. In [27] face magic labeling of type
(1, 1, 1) for special families of planar graphs with 3-sided faces, 5-sided faces, 6-sided faces and
one external infinite face are shown. In [28], magic labeling of type (a, b, c) for families of

wheels are proved.

BI-MAGICLABELLING OF GRAPHS

In this chapter, we deal with vertex bimagic labeling for new families of graphs. In
section 2.1, we discuss new techniques of generating (1, 1) vertex bimagic, (1, 0) vertex bimagic
and (0, 1) vertex bimagic graphs using operations on vertex magic and vertex antimagic graphs
[9]. In section 2.2, we consider graph families which admit E-super vertex bimagic labeling for
our discussion and establish interesting results. In section 2.3, we identify some families of

graphs which admit 1-vertex bimagic vertex labeling.

2.1 Vertex Bimagic Graphs from Magic and Antimagic Graphs Theorem 2.1.1 If G has (1, 1) —

(a, 1) vertex antimagic labeling, then G + K1 admits (1, 1) vertex bimagic labeling.
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Proof.Let for a >0, G(V, E) be a (1, 1) — (a, 1) vertex antimagic graph with p vertices {u;:
1 <i<p} and g edges. Consider the bijectioni :\V UE — {1, 2, ..., p+ g} on G with the antimagic

property that vertex weight wt;(ui) = a+p—i; 1 <i <p.

Let Go(Vs, E) = G + K, be the graph with Ve= V v {w} and Ec= E U {wu: 1 <J < p}.
Consider the bijectiony : Ve Ee—{1,2, ..., p+q, p+q+1, .., 2p+q+ 1)} defined as

follows:
p(ui) = A(ui); 1 <i<p, u(e) = A(e), forall e €E.
H(w) =2p +q+1and p(wu) =p +q+i, for 1 <i <p.

To complete the proof, it is necessary to show that the constants are ki and ko.as given

below.
For u; € V,1 <1 < p we have

wty, (u;) = plwu;) +wiy(w;) = (p+q+1i) + (a +p—i)=2p+q+a=k.

For w € V', wt,,( Z,uwu)+,u,1;)—Z(p+q+?)+(2p+q+1)
i=1
(p+ 1
:(p+q)p+3—(‘12 ) i op gt
3p
=(p+1)g+1+ ‘I) ks

2
Therefore, G ’admits (1, 1) vertex bimagic labeling for G + Ky with the weights

ki=2p+q+aandk:=(p+1)(q+1+3).

Theorem 2.1.2 Let G be a graph of odd order. If G has (1, 1) vertex magic labeling, then
G + 2Ky admits (1, 1) vertex bimagic labeling.

Proof.Let G(V, E) be a graph that admits (1, 1) vertex magic labeling. Then there exists a

mapping 4V UE — {1, 2, ..., p + q} such that the weights at each vertex wt;(u;) = a, a constant.
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Consider the new graph G (V, E) = G + 2Kiwith V=V u{v,w} and E= E U {vuj, wui: 1 <i <
p}. Define a bijectionp :\V' UE — {1, 2, ..., 3p + q + 2} as given below:

H(x) = A(X), ¥x €V UE.
Case(i) : Whenn=4k+ 1,k €N
Fori=2,4,6, ...,pT_l;p(vum) =p+q+2ipy(vuzi+) =p+qg+2i+1,
H(wuzi) =3p+q+1—2i, u(wuziv1) =3p + ¢ — 2i.
Fori=1,3, 5...,p7_3 JU(vU2)) =3p+q+ 1 — 2i, u(vuzisr) =3p + g — 2i,
H(wuzi) =p +q+ 21, g(Wuzi+1) =p+q+ 1 + 2i.
Case(ii) : Whenn=4k— 1,k N
Fori=2,4,6, p7_3 JM(VU2i) =p+ g+ 20, g(vuzi+)) =p+q+2i+1,
M(Wuzi) =3p+q+1—2i, u(wuzi+1) =3p + ¢ — 2i.
Fori=1,3, 5...,’%3 JU(vu2)) =3p+q+ 1 — 2i, u(vuzisr) =3p + g — 2i,
H(wuzi) =p + g+ 2i, g(wuzi+1) =p+q+ 1 + 2i.
(V) =3p+q+2 p(vur) =p+q+1,pw)=3p+q+1and p(wui) =3p +q.
We verify the vertex weights in G
wi(u1) = p(ur) + pvur) + p(wu) =a+ (p+q+1) +(3p +q)
=4p+2q+a+1=ki.

When n =4k — 1, k €N we have
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Fori=1,3, 5...,pT_1;th(u2i) = wti(u2i) + p(vuzi) + p(wuzi)

=a+(@p+q+1-2i)+(p+q+2i)
=4p+2q+a+1=k.

Wtu(U2i+1) = Wii(Uzis1) + H(VU2i+1) + (WU2i+1)
=a+@@ptg—2i)+(p+q+l+2i
=4p+2q+a+ 1=k

Fori=2, 4,6, ...,pT_3;th(U2i) = wt;(u2i) + p(vuzi) + p(wuoi)

=a+(p+q+2)+@p+q+1-2i)
=4p+2q+a+ 1=k

Wiy (Uzi+1) = Wtz (Uzi+1) + H(VU2i+1) + (WU2i+1)
=a+(P+q+2i+1)+@3p+q—2)

=4p+2q+a+1l=ki.
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th[:.':I = pe(w)+ plvu )+ E pof traegy ) + Z pe{ vt g )+ Z plvmg ) + E pr{ vt )

i ot i e i e

=3p+qg+2)+(p+g+1)+ E{Tp+r;+1—2:]+£|:1p+q 2i) +

i el
EI:_P+I?+2:':I+ Z{p+—r;+1+2i'}

B EEE et ]

+ 1
= 4p+2q+3+ (3p+q+ 1)(

~1 1
)—2(1 +:~:+...+ij+{3;-+¢}{%}-

p P -

3]+
2

~1 ~3
2143+ ..+ =)+ (p+g) ) 2@+

(p+q+ 1){”"3}+2[2+4+..-+ﬁj

~1
—ap+2q+3+6p+2+ L) Ca s34 +pT}+

p—ﬂ}

(2P+2r;+1}[—]+4{‘?+-1+ +

—4P+3q+’f+[ﬁ}=+3ﬁ'+1]‘{‘u+ 1)—{P+ II' +
@+ 20+ DED) + (p - HED)
=2p +py+q+ E{Tp+3] = ky
and wt, (w) = p(w) + pluny) + Y plwnn) + 3 plwus) +
anifid

¢ ¢ add
Z ;JI::.'.H.:-‘!.:I 4 Z ,II{?.L'TL_:E”]

i EEE P dEihEF
=(3p+q+2)+(p+g+1)+ Z[ﬂp-i-r;-i-1—2i]+ZI:3p+q—2i]+
i o i el
EI:_P+I'-]'+2:|':I+ E{j.i+—r;+l+2i}
i e (et ]

-1 -3 =1
:4;-.»-4-‘3:,1-AI-.'i--I--[.'3-jhil+|:l'|'+-l]I:'r-i 1=2(1 +3+.-.+pT}+{3p+r;]{PT:|—

L+ 3+...+ &

1 -1 —1
5 )+ (p+ )t ]|+‘;*|:2+=1+.._+‘“2 ) +
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=1 Vi p=1
(o4 g ljl:—L 2(2 44 4 | 5 )
p—1 P =3
ip 424+ 3+ (8p 4 4g + 2 TI i1 4+3 b o—
| 1
[zu-zq-luﬂT—1|¢u~ 4.4+ )
)~ 1 -1 -3
dp 4 2+ 3 + [Bp + dg + 2:'-:I ] | I_'” 5 <+ (p l]l_'”—L'

) 1 :
207 4 gy 4 i + a-:T.rJ +3) = ks

When n =4k + 1, k €N we have

Fori=1, 3, 5...,pT_3;th(U2i) = witz(uzi) + p(vuzi) + p(wuzi)
=a+(@p+tq+1l-2i)+(p+q+2i
=4p+2q+a+ 1=k
Wip(Uzi+1) = Wtz (Uzis1) + (VU2i+1) + (WU2i+1)
=a+(@p+qg-2i)+(p+q+1+2i)
=4p+2q+a+ 1=k

Fori=2,4,6, ...,pT_l;wtu(uZi) = wt;(uz2i) + p(vuzi) + p(wuzi)
=a+(p+q+2)+@p+q+1-2i)
=4p+2q+a+ 1=k
Witp(Uzi+1) = Wtz (Uzir1) + H(VU2ir1) + (WU2i+1)

=a+t(p+q+2i+1)+ (@ +g - 2)
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=4p+2q+a+1=k.

wty(v) = p(©)+plvm) + Y plous)+ Y p(vugin)+ Y plous)+ Y plvuzi)

i odd i odd i even i even
=(Bp+g+2)+(p+g+1)+ ) Bp+qg+1-2i)+> (Bp+q—2i)+
i odd i odd

Z(p+q+2i)+ Z{p+q+1+2i_)

1 EVEN 1 EVEN

-1 -3 -1
=4p+2q+3+(3p+q+1)(pT)—2(1+3+...+pT)+(3p+q)(pT)—
_ . —1
2{1+3+...+pT?’]+{p+q}(pT}+2(2+4+...+pT}+
—1 ~1
(p+ g+ 1}(pT}+2(2+;1+...+FT]
—1 —-1, +3
= dp + 2+ 3+ (8p+ 4g + 2)("=) = (F5=)* + (p— V()
1
=2p2+pq+p+§|:7p+3]=kz
and wt, (w) = p(w) + plwu,) + Z p(wieg;) + Z plwus ) +
i odd i odd
Z prlwg;) + Z pr(weagi )
= (Bp+q+1)+Bp+a)+ > (P+a+2i)+ > (p+g+1+2i)+
i owdd i odd
> Bptg+1-2i)+ > (3p+q-—2i)
i Eeven N lt' ELETL B 3 B 1
=ﬂp+2q+l+{p+q}{pT}—2{1 +3+...+PT)+{;;+q+1)[pT}+
-3 -1
2{1+3+.,.+3?Tj+{3p+q+1](pT}—
-1 -1 -1
2{2+4+...+pT]+{3p+q}{pT}—2(2+4+...+pT]
-1 -1 3
= 6p+ 20+ 1+ (8p+ 4q + (=) + () - - DA

1
=2P2+P{I+¢I+§(Tp+3}=k2.

Hence, the resultant graph G has (1, 1) vertex bimagic labeling.
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Theorem 2.1.3 If an odd order graph G has (1, 1)—(a, 2) vertex antimagic labeling, then

simultaneous vertex by edge duplication at all vertices on G admits (1, 1) vertex bimagic
labeling.

Proof.Let G(V, E) be a (1, 1) — (a, 2) vertex antimagic graphwith 1:V UE — {1, 2, ..., p
+ @} such that the vertex weights are wt;(ui) = a + 2p — 2i, for 1 <i < p. Consider the graph
obtained by simultaneous vertex by edge duplication at all vertices on G with V=V (fui, u’i: 1
<i<pland E=EUfei e’, e 1<i<p}, wheree’;, e jare adjacent to u’. Similarly, ej, e jare
adjacent to u’i.A bijective 21

mapping AV UE — {1, 2, ...,.6p + g} is given below:

Me))=p+g+i forl<i<p

Nely=2p+g+i, forl <i<p.

3p+ g+ %,; — % ifi=1(mod2), for 1 <i<gp
N(elr) =

dp+qg+1— 5 ifi=0(mod2), for2<:<p-—1.

|"

ap+qg+1— H_;]_ ifi=1(mod?2), for ]l <i<p
N(u)) = 4

dp + g + B2 —
\ 2

%] £
.

ifi =0 (mod 2), for 2 <i<p-—1.

6p+g+1— % ifi=1(mod2), forl <i<p
Al(ul) 4

5;J+|’,|'+P__E—1—i. ifi =0 (mod 2), for2 <i<p-—1.

The vertex weights under the labeling A are

Wt (i) = wiy(ui) + A () + A (e")
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=(@+2p-2)+(p+q+i)+(2p+q+i)=a+5p+29,1<i<p.
When i =1 (mod 2), 1 <i<p, wehavewt;’(ui) =A(ui) +A(ei)+i(e")

p+3_i+1
2

-(5p+q+1——)+(2p+q+l)+(3p+q+
=10p + 3q +22

W (U) = A (ul) + A (e7) +Ae")
=(6p+q+1-"0)+(p+q+i)+(@p+g+o-T
=10p + 3q +2>

When i = 0 (mod 2), 1 <i <p, we have wt;'(ui) = 2'(ui) + A (e") + 2'(e")

=(p+q+E2 )+ (@p+q+i)+(p+q+1)=10p+3g -+

D EA O EACDEACE)
—(5p+q+ )+(p+q+l)+(4p+q+1— )
=10p + 3q +22

Hence the resultant graph admits (1, 1) vertex bimagic labeling with ki = a+5p+2q and

k= 10p + 3q +2-=

Theorem 2.1.4 If G has (1, 1) — (a, d) vertex antimagic labeling, then G © dK; admits (1,

1) vertex bimagic labeling.

Proof.Let G(V, E) be a (1, 1) — (a, d) vertex antimagic graph with V = {uz, uo, ..., un}. Let
/ be the vertex antimagic labeling of G such that A(u;j) =i, for 1 <i < p. The vertex weights are
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wti(u)) = a + (i — 1)d, for 1 <i <p. Consider the graph G°(V°, E% = G dKjywith V=V v {u: 1
<i<p, 1<j<dand E°=E u{ei 1 <i<p, 1 <j<d}. Define a vertex bimagic labeling 2% \V° u
E°— /1,2, .., p+q+2dp}on Gas given below:

Forx €V UE, u(x) = A(x).

Forl<i<p 1<j<d,

AU =p+q+2dp—jpti AE)=p+q+j—(—1).

The vertex weights in G under A 'is calculated in the following.

Foreachi,1<i<p

d d
wit (w;) = wtx(u;) + Z N(el) = (a+id — d) + Z(jp +qg+jgp—i—+1)
j=1 j=1
pd(d + 1)

=(a+id—d)+(p+qg—i+1)d+ 5
= 2(2a + pd? + 3pd + 2qd) = k.

For u.“;: = 1,2,...,p,7 =1,2,...,d. we have

wty(ul) = N(ul) + N(el) = (p+q+2dp—jp+i)+p+q+jp— (i — 1)

1319


http://www.ijfans.org/

e-1ISSN 2320 —7876 www.ijfans.org
Vol.11, Iss.9, Dec 2022
Research Paper © 2012 IJFANS. All Rights Reserved

Figure 2.1.Vertex bimagic labeling of G 04Ky
=2p+2q+2dp+ 1=k
Thus, the graph G © dK1admits (1, 1) vertex bimagic labeling.

the proof of theorem 2.3.7 reveals that the vertex weights in G1+Gzare k'1 = ki +k and k 2
= k2 + k. In both cases the graph G1 + Gz admits 1-vertex bimagic vertex labeling.

Conclusion

In the thesis the notions of magic and bimagic labeling are investigated for several families of
graphs. First, different types of vertex bimagic labeling have been studied; namely vertex
bimagic total labeling, E-super vertex bimagic labeling and 1-vertex bimagic vertex labeling.
New techniques of generating (1, 1) vertex bimagic, (1, 0) vertex bimagic and (0, 1) vertex
bimagic graphs have been discussed using some operations on vertex magic and vertex
antimagic graphs. E-super vertex bimagic labeling is identified for new families of graphs and 1-
vertex bimagic vertex labeling has been established. Then edge magic and edge bimagic labeling

are studied for variant operation of graphs. Edge magic graceful labeling motivated to introduce
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the notion of edge bimagic graceful labeling. Finally face magic labeling is studied by using
duplication operation on trees and cyclic graphs.
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