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Abstract
An Equitable coloring of graph G is a proper k -coloring C that verifies the

following property: for every color class c¢;, 1 < i < k, there exists a vertex x;, with color
c;, such that all the other colors in C are utilized in x; neighbors.

In this paper, we discussed the equitable coloring of the prisms and generalized
Petersen graphs P(m, n),
Keywords: Prism graph; Generalized Petersen graph.

Introduction

A prism Y, is a simple graph and is obtained as the cartisian product of the cycle
C,, and the path B,_ The prism Y,; has mn vertices and m(2n — 1) edges. Coxeter [5]

introduced the generalization of Petersen graphs.
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The construction of the prism with n -layers Y, by considering the cartesian
product of a cycle G, and a path B, is given in Gallian.

We have considered the prism for Y,? as Y, leaving 2. The generalized Petersen
graph family was introduced by Coxeter [12] and these graphs were given their name by
Mark Watkins in 1969. Coxeter defined the generalized Petersen graph P(n, m) for the
natural numbers n and m,n > 2m. Naserasr et al. proved the Petersen graph is not 3
edge colorable in 2003 , Babak et al. gave the minimum vertex cover of generalized
Petersen graphs in 2010 , Davtyan gave the parameters of the Petersen graphs in 2013 and
Sudha et al. gave the equitable colorings of prisms and generalized

The following upper bound for an equitable coloring of a graph, presented in
Gallian, has been proved to be very useful. If G admits an equitable coloring of graph with
m colors, then G must have at least m vertices with degree at least m — 1. The m -degree
of agraph G, denoted by m(G), is the largest integer m such that G has m vertices of degree
at least m — 1 For a given araph G. it mav be easilv remarked that y(G) < ¢(G) < m(G)
Preliminaries

we have found the equitable edge coloring of a prism Y,, and its equitable edge
chromatic number to be 3 for all n.

Moreover, we have also discussed the equitable edge coloring of the generalized

Petersen graphs for the following cases:

Q) the generalized Petersen graph P(n, 2),n > 5 and

(i) the generalized Petersen graph P(n,3),n > 7.
Theorem 1.1. The prism Y, for n > 2 admits equitable edge coloring and its
chromatic number is 3
Proof. Let the cycle C,, has the vertex set {v;/1 < i < n} and the edge set
{viviy1/1<i<n-1}U{v,v}.
The cartesian product of the cycle C,, with the path P, is a prism Y,,. The vertex set of Y,, is

VY ={v/1<i<nju{y/1<i<n}
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where,
(i) {v;/1 < i < n} represent the inner vertices and
(i) {u; /1 < i < n} represent the outer vertices.

and the edge set of Y,, is

E(Yn) = {vivi+1/1 Sisn-— 1} U {vnvl}
Ufuuip/1<i<n-1}U{u,u }U{rvu/1 <i<n}

Figure 1; 1: Prism Y,,

There are two cases :
Q) n is even
(i) (i) nis odd
Define the function f from the edges of Y, to the color set {1,2,3} as follows :

Case (i): Let n be even.

_ (2 ifi = 1(mod2)
Fori<i<n—1, JCt) _{3
=3

if i = 0(mod2)
f(unuy)

forl1 <i<n,
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With this type of coloring Y,, satisfies the definition of edge coloring and |C|1]| = |C[2]| =
|C[3] I=

Hence the prism Y,, admits equitable edge coloring and its chromatic number of

equitable edge coloring of Y,, for even n is 3

Case (ii): Let n be odd.

Fori<is<n-1

ifi = 1(mod2)
f(uittivg) { if i = 0(mod2)
fuuy)) =1
for2<i<n-1
fuv) =1
f(uvy) =3
fupvy) =2
andfori1<i<n-1
_ (2 ifi = 1(mod2)
fiviy) = {3 if i = 0(mod2)
f(vnvl) =1

With this type of coloring Y,, satisfies the definition of edge coloring and |C[1]| =
IC[2]I = IC[3]| =n

Hence the prism Y, admits exuitable edge coloring and its chromatic number of
equitable edge coloring of ¥,, forodd n is 3 .
Illustration 1.1. Consider the prism Y.

Using theorem 2.1, case (i) for even n, assign the color 1 to the edges u, vy, u,v,
U3 V3, Uy Vs, Ug Vg, Ug Ve, U7 V7, UgVg, the color 2 to the edges uy u,, usiy, Usue, UsUg, V1V,
V34, VgV, U7 Vg and the color 3 to the edges us, usug, Ugly, Ugly, Vo V3, Uy Vg, Vg V7, Vgl

as shown in figure 2.2.

795


http://www.ijfans.org/

e-1ISSN 2320 —-7876 www.ijfans.org
Vol.11, Iss.9, Dec 2022
Research Paper © 2012 IJFANS. All Rights Reserved

Figure 1.2: the prism Y

Here |C[1]| = |C[2]| = |C[3]| = 8 and satisfy the condition |(|C[i]| — |C[j]])| <1 forl <i<
3;1<j<3.Hence Xee(Ys)=3.
Illustration 1.2. Consider the prism Ys.

Using theorem 1.1, case (ii) for odd n, assign the color 1 to the edges UsUz; VsV1;
U2V2; UsVs; U4Vs, the color 2 to the edges UiUz; UsUa; V1Ve; VaVa; UsVs and the color 3 to

the edges U2Us; UsUs; V2V3; V4Vs; U1V as shown in figure 1.3.

Figure 1.3: Prism Ys

Here |C[1]] = |C[2]] = |C[3]] = 5 and satisfy the condition
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I(CIT = ICliIDI < 1for1<i<31<j<3
Hence .. (Ys) = 3.
Theorem 1.2. The generalized Petersen graph P(n,2),n > 5 admits equitable edge
coloring and y.. (P(n,2)) = 3
Proof. Let P(n, 2),n > 5 be the generalized Petersen graph with the vertex set
V(P(n,2) ={y/1<i<n}uU{y/1<i<n}
and the edge set.

E(P(n,2) = {wuj1/1<i<n—-1}U{u,u;}V{vv,/1<i<n-2}
U {v,_ 101, v} U {yvi/1 < i < n}

Theorem 1.3. The generalized Petersen graph P(n, 2),n > 5 admits interval edge

coloring and y;.(P(n,2)) = 6(P(n, 2)).

Proof. Let P(n,2),n > 5 be the generalized Petersen graph with the vertex set
V(P(n,2)) ={u;/1<i<n}uU{y;/1<i<n}

and the edge set

E(P(n,2)) ={wuj1/1<i<n—-1}U{u,u }Uf{vvi,/1<i<n-2}
U {vn—lvllvnvz} U {uivi/l Si< Tl}

There are three cases:
(i) n = 0(mod4)
(ii) n = 2(mod 4)
(i) n = 1(mod4) or n = 3(mod4)

Case (i) : Letn = 0( mod 4).
The outer edges are colored is s

(2 if € = 1(mod2)

fuingyq) = {3 ife = 0(mod2)
forl<1<n-1
and f(upu,) = 3.

The inner edges are colored as
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( ) = {2 if ¢ = 1(mod4) or t = 2(mod4)
FWiv142) =13 ir e = 3(modd) or t = 0(mod4)

forl1<1<n-2,
fn_qv1) =3

and f (v,v,) =3

The edges {u;v,} are colored ss
f(u;v,) = 1forall 1
The colors {1,2,3} are used in ooloring P(n, 2),n = 0(mod4) to satisfy the condition of
interval edge coloring.
Therefore y, (P(n,2)) = 6(P(n, 2)) for n = 0(mod4)

Case (ii) : Let n = 2(mod4).

The outer edges are colored is

(3 if t = 1(mod2)
2 if t = 0(mod2)
forl<1l<m—1;
fuiuigg) = o £ uguy) -1
f(Up—1uy) =1

\and f(u,u,;) =3.
The inner edges are colored as

FWivi4s) = { 3ift = 1(mod4) or 1 = 0(mod4)
2272 ift = 2(mod4) or 1 = 3(mod4)

fori1<l<n-1

f(op_qv) =1
and f(v,v,) =1

The edges {u;v,} are colored as

fluyv;)) =1for2<1<n-1
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f(ulvl) = 21
flugvy) =3

f(un—lvn—l) =3
and f(u,v,) = 2.

The colors {1,2,3} are used in coloring. P(n,2),n = 2(mod4) to satisfy the
condition of interval edge coloring.

Therefore y;,(P(n,2)) = §(P(n, 2)) for n = 2(mod4)
Case (iii) : Let n = 1(mod4) or n = 3(mod4) .

Type (a): Letn =7+ 12j5,j = 0,1,2, ...
The outer edges are colored as

2 ifi = 1(mod2)

fuuip) =4 3 ifi = 0(mod2)
forl1<l1<n-2,
fUup_qun_1) =1
fup_1vp) = 2
and f(u,uq) = 1.

The inner edges are colored as

( ) = {2 if 1 = 1(mod4) or t = 0( mod 4)
F0iv142) =13 it = 2(mod4) or 1 = 3(mod4)

forl1<1l1<n-2,
f(vn—zvn) =1
fnavy) =1
and f (v,v,) = 2.
In case (iii) there are six subcases
(@) n=74+12j,j=0,12,..
b)) n=9+12j,j =0,1,2,...
() n=114+12j,j=0,12,..
(dn=13+12j,j=0,12,..
(e) n=154+12j,j = 0,1,2, ...
) n=17+12j,j =012, ..
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The function f is defined as before as in the proof of the theorem 1.3 from the
edges of the generalized Petersen graph P(n,2),n >5 to the set of colors {1,2,3}
for all the three cases.

The colors {1,2,3} are used in coloring P(n, 2) to satisfy the condition of edge
coloring. The color classes C[1],C[2],C[3] satisfy the condition |C[1]| =|C|||2 =
|C]||13 = n. Hence P(n, 2) satisfies the equitable edge coloring for all cases.

Therefore y.. (P(n,2)) = 3 forn > 5.

Illustration 1.3. Consider the generalized Petersen graph P(12,2).

Using theorem 1. 2, case (i) for n = 0(mod4), assign the color 1 to the edges
Uy V1, Up Vg, Ug V3, UgVj, Us Vs, Ug Vg, Uy V7, Ug Vg, Ug Vg, Uy V10, Ur1 V11, Ur2 V12, the color 2
to the edges u,u,, Ugliy, Uglls, Uy Us, Ugllyg, Ug1Uq2, V1 Vg, V2 Vs, VsVz, VgV, Vy V11, V1oV12
and the color 3 to the edges
Uy Uz, UglUs, Ugly, Uglo, UggUs 1, UspUs, V3 Vs, VsV, V7V, Vg V1, V1 V1. V12V, @S Shown in

figure 1.4.

Figure 1.4: Generalized Petersen graph P(12,2)
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With this type of coloring, the generalized Petersen graph P(12,2) satisfies the
definition of the edge coloring.
Here |C[1]| = |C|||2 = |C[3]| = 12. Therefore y.. (P(12,2)) = 3.
Illustration 1.4. Consider the generalized Petersen graph P(6,2).
Using theorem 2.2, case (ii) for n = 2( mod 4), assign the color 1 to the edges
U Uy, Ugll, Vs V1, UsVq, Uz V3, UsVy, the color 2 to the edges u,us, uyls, Vo Uy, V3 Vs, UV
ug Vg and the color 3 to the edges usuy, Ugly, V1 V3, VsVg, U, V5, Us Vs @S Shown in figure

1.5

Figure 1.5: Generalized Petersen graph P(6,2)
Yy

u

1
With this type of coloring, the generalized Petersen graph P(6,2) satisfies the

definition of the edge coloring.
Here [C[1]| = |C|2]| = |C[3] |= 6. Therefore x, . (P(6,2)) = 3.
Illustration 1.5. Consider the generalized Petersen graph P(19,2).
Using theorem 1.2, case (iii) (a) for n =7 + 12j,j = 0,1,2, ..., assign the color 1
to the edges u;;usg, Usglly, V1719, V1gV1, Up Vg, U3 V3 UgVy, UsVs, Ug Ve, U7 V7, UgVg, Ug Vg,
U10V10, U11V11, U12V12, U13V13, U1aV1a, UrsVrs, UggV1e, the Color 2 to the edges uqu,, usuy,

UsUg, U7Ug, UgUq, U11U12, U13U14, U15U16, U1gU19, V1V3, Vs Vs, UsV7, VgV10, Vg V11, V12V14, V11V15
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V16V1s, V19Vo, U17V;7 and the color 3 to the edges u,us, uslis, Ugly, Uglo, Ugoliq, U12U13
U14Ug5, U16U17, V2 Vs, U3V, VgVUsg, U7 Vy, V10V12, V11V135 V14V16, V15V17, U1 V1, U18V18, U19V19

as shown in figure 1.6

Figure 1.6: Generalized Petersen graph P(19, 2)

With this type of coloring, the generalized Petersen graph P(19,2) satisfies the
definition of the edge coloring.

Here |C[1]| = |C|2]| = |C | 3] I= 19.

Therefore y.. (P(19,2)) = 3.
Illustration 1.6. Consider the generalized Petersen graph P(33,2).
Using theorem 1.2, case (iii) (b) for n =9 + 12j,j = 0,1,2, ..., assign the color 1 to the
edges  usly, UglUy, Ugllyg, Usa U3, Usslye Urglhye, Uz1Usz, UaUss, Up7Uag, UsoUst, Ussly,
V1V3, V4 Ve, V7V9, V10V12, V13V15, V16V18) V19V21, V22V24, V2 Vn, V25V30, V31V33, U2 V2, UsVs, UgVg
y U11V11, U1 V14, U7 V17, Uz V20, U23 Va3, UsgVas, UsgUsg, Usa V3o, the color 2 to the edges
UpU3UsUg, UgUg, U11U12, Ur4Ug5, Ur7Urg, UpoU21, U3 U4, UzeUn7, Uz jU30, U32U33, V3 Vs, VeV, Vy V11
V12V14, V15V17, V18V20, V21V23, V24 V25, V27V29, V30 V32, V33V2, U1 V1, UsVy, U7V7, U190 V10, U13V13
U16V16, U19V109, U2 Voo, UssUss, UasVag, U3 V31 and the color 3 to the edges uqu,, uy us
U7Ug, U10U11, U13U14, U16U17, U19Un0, U2 U3, UpsUe, U2gUng, Uz1U32, V2 Vs, VsVg, VgV10, V11013
V14V16) V17V19, V20V22, V23V325, V26V28, V2 V31, V32V1, UgV3, UgVe, UgV3, U12V12, U15V15, U18V18

Uy Vg1, UgaVsp, Up7Va7, Usg V30, U3z V33 @S Shown in figure 2.7.
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Here |C[1]]| = |C[2]]| = |C[3]] = 11.
Therefore y.. (P(11,3)) = 3.

Conclusion:

The study of Equitable edge coloring of a prism and generalized Petersen graphs
and other coloring diagrams are significant because of its applications in some genuine
issues like bunching, programmed acknowledgment of reports, web administration and so
forth In this paper, we researched a fair edge shading, chromatic number of crystal chart
and Generalized Petersen diagram. The examination of comparable to results for various

diagrams and diverse activity of above groups of chart are as yet open

References

[1] A. Abueida, James Lefevre and Mary Waterhouse, Equitable edge colored steiner
triple systems, Australian Journal of Combinatorics, Vol. 5, 155-163, 2011.

[2] M. M. Ali Akbar, K. Kaliraj and J. Vernold Vivin, 4n equitable coloring of central
graphs and total graphs electronic notes in Discrete Math., Vol.1,1 — 6,2009.

[3] K. Appel and W. Haken, every planar map is four colorable. I. Discharging,
Illinois J. Math., Vol.18,429 — 490, 1977.

[4] K. Appel and W. Haken, every planar map is four colorable. Il. Reducibility,
Illinois J. Math., Vol.21,491 — 567,1977.

[5] A.S. Asratian and C. 1. Casselgren, Some results on internal edge coloring-
(a, B, ) —biregular, bipartite graph, Research report LITH-MAT-R-2006-07,

Linkoping University, 2006.

803


http://www.ijfans.org/

