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ABSTRACT :

In this paper, we introduce the notion of direct product of intuitionist fuzzy R — ideal of
BCK - algebras and related properties are investigated. Characterizations of direct product
intuitionist fuzzy R — ideals of BCK — algebras are given.
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1.Introduction:The notion of fuzzy sets in a set theory was introduced by Zadeh[27], and since
then this concept has been applied to various algebraic structures. The idea of intuitionist fuzzy
sets was first introduced by Atanassov [7,8], as a generalization of the notion of fuzzy
set.Abdullah et al. [1 — 3,6], provided some interesting results on direct product of fuzzy ideals in
different algebraic structures. The product of fuzzy subgroups was introduced in [20,26]. Imai and
Iseki introduced two classes of algebras,BCK-algebras [12,13]. BCI-algebras are generalizations
of BCK-algebras which were studied by many researchers [4,10,11,14,18,19]. A.Shehri[5], Jun
et al. [15 — 17], Saeid et al. [21 — 23] and Satyanarayana et al. [24,25], applied the concept of
fuzzy set to BCK-algebras, Zhan and Tan [28],introduced the concept of fuzzy R-ideals in BCK-
algebras.In this paper, we introduce the notion of direct product of intuitionist fuzzy R-ideals in

BCK-algebras and some related properties are investigated. Characterizations of direct product of
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intuitionist fuzzy R-ideal of BCK-algebras are given.And also we introduce the notion of upper s-
level cut of uyxp and lower t-level cut ofd,xp . Also we proved, for an intuitionistfuzzy set of
BCK-algebras A X B =<pyxp , Aaxp> of X1 X X, , then A X B =<p xp , l4xp> 1S an intuitionist
fuzzy R-ideals of BCK-algebras X; X X, if and only if for any s ,t €[0,1] upper and lower level
sets are R-ideals of BCK-algebra X; X X5.

2. Preliminaries

Algebra ( X,*, 0) of type (2,0) is called a BCI-algebra if satisfies the following
conditions:

H VxyzeX (x*y)*x*z)*(z*y)) =0,
(i) VX, yeX, (x *(x *y)) *y =0,
(li)) Vx,ye X, x *x =0,
(i) VX, yeX,x*y=0,y*x=0=x =y,
Wecandefineapartialorder ‘<‘ on X by x <y if and only if x * y = 0.
AnyBCl-algebra X has the following properties:
(ThHvxeX,x*0=x,
M) vx, Y, ZeX, (x*y)*z=(x*z)*y,
(M) VX, Y, ZeX,x<y=>x*z<y*z,z¥y<z*x
Definition 2.1A nonempty subset A of a BCI-algebra X is called an ideal of X if it
satisfies:
D) 0e A, (I2) VX, ye X, yEAX*YyEA =X E A,

Definition 2.2 A nonempty subset A of a BCl-algebra X is called a- ideal of X if it
satisfies:

(II) and (I3) V x, yE X, (V z EA )((x*2)*(0*y) EA =y *X EA)
Definition 2.3 A nonempty subset I of a BCI-algebra X is called R- ideal of X, if

1.0*L2. (x*z)(z*y)€Eland yeEI=XxE I

== «-IJ FANS

‘
l‘ International Journal of
Food And Nutri l onol Sci iences

2162 |Page




IJFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES

Research paper (©R1) P 0) VNN B T TR IO 6 i UG C CARE Listed ( Group -I) Journal Volume 11,1Iss 8, Dec 2022

Definition 2.4 A fuzzy subset 4 in a BCK- algebra X is called a fuzzy R- ideal of X, if
L. pu(0) = u(x)

2. p(x) Zmin {p((x *z) * (y *z)), pu(y) },V X, y,z € X.

Definition 2.5 Ideal I of a BCI-algebra (X, *, 0 ) is called Closed if 0 * x € I, for all x €1
Definition 2.6 Let A and B be two fuzzy ideal of BCI algebra X. The fuzzy set AN B
With membership function ppngis defined bypang(x) = min { uy(x), ug(x)},Vx € X
Definition 2.7 Let A and B be two fuzzy ideal of BCI algebra X. The fuzzy set AU B.
With membership function pygis defined by pa g (x) = max{u,(x), ug(x) } ,Vx € X.

Definition 2.8 Let A and B be two fuzzy ideal of BCI algebra Xwith membership function
Ua and ugrespectively. A is contained in B if p, (x) < ug(x), Vx €X.

Definition 2.9 Let A be a fuzzy ideal of BCI algebra X. The fuzzy set A™ with
membership function py ™ is defined by py™(x) = (ua (x) )™, Vx €X..

Definition 2.10 Let m be a fuzzy set in X. The complement of y is denoted by 4 and is
definedasu (x)=1-u (x),Vx € X.

Definition 2.11 Let A = ( X,ua , 44 ) be an intuitionist fuzzy set in X. Then

() A= (X.pua, pa) and (i) A = (X, Az, 44 ).

Definition 2.12 An intuitionist fuzzy set A in non-empty set X is an object having the form
= {(x, pa (x), A4 (x)): X € X},where the function u,: X - [0,1] and A, : X - [0,1]

denoted the degree of membership ( namely u,(x) ) and the degree of non-Membership

(namely A,(x) ) of each element x € X to the set A respectively, and 0 < p,(x)+1,4(x) <
1 forall x € X

Definition 2.13 An IFS A= <X, u,, 44> in a BCl-algebra X is called an intuitionist fuzzy
Sub-algebra of X if it satisfies: Vx, y€ X.

Lo ua(x *y) 2 min{ py(x), usa(y)}, vx, y€ X.

2. a(x *y) <max {A,(x), 1,(y)}
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Definition 2.14 An intuitionist fuzzy set A = (X,us , 44 ) in X is called an intuitionist fuzzy
ideal of X, if it satisfies the following axioms:

(F1) u4(0) = pys(x) and 24(0) < A,(x),
(F2) pa(x) = min { p,(x =), us(y)},
(IF3) A4(x) < max {A,(x *y), 1,(y)}, Vx, y€ X.

Definition 2.15An intuitionist fuzzy set A = (X,ua , 44 ) in X is called an intuitionist fuzzy
ideal of X, if it satisfies (IF2), (IF3) and the following :

(TF4) upa(0 *x) = pu(x) and A4(0*x) < A4(x), Vx € X

Definition 2.16 An IFS A = <X,u,, 4,> in X is called an intuitionist fuzzy R-ideal of X.If
it satisfies (2.12) and (Vx, y, z€ X).

Lo pa(x) = min { pa((x % 2) * (2 * y)), na(v)}
2. 24 (x) <max {A,((x *2z) *x (z*y)) ,1,(y)}
3. Direct Product of Intuitionistic Fuzzy R-ideals

Definition 3.1Let A = < py , 44> and B = < g , 15> be two intuitionist fuzzy sets in
BCK-algebras X; and X, respectively. Then direct product of intuitionist fuzzy sets A and
B is denoted by AX B =<piyxp , daxg>, and defined as pyxg(x,y) = min{ pu,(x), ug (v)}
and A,y 5(x,y) = max {1,(x), Az (y)}.forall (x,y) € X; X X,.

Definition 3.2 An IFS AX B =< xp , Aaxp>, of X; X X, is called an intuitionist fuzzy
sub-algebra of X; X X, if

(DIF1) paxp ((x171)*(x2¥5)) = min {paxp (x171), haxpe (X2Y2)}

(DIF2) Aaxp ((x1y1)*(x2¥,)) < max {Aaup (X171, Aaxp (x2¥2)}

For all (x1y,),(x,y2) € X; X X,

Definition 3.3 An IFS AX B =<p«p , Aaxp>, of X; X X, is called an intuitionistic fuzzy
R-ideal of X; X X, if

(DIF3) pax5((0,0)) = paxp(x, Y)and Aaxp(0,0) < Aaup (x, Y)
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(DIF4) paxp((x1y1)Zmin{ pyxp (((X1Y1)* (X3Y3))*(X252)* (X3Y3))), haxp((X2Y2)}
(DIF5)Aaxp (X1 y1))<max{Asp , (((x1¥1) * (x3Y3)) * ((X2¥2) * (X3¥3))), Aaxp (X2Y2)},
For all (x1y1),(x2y2) , (x3Y3) € X1 X X;.

Definition 3.4 An IFS AX B =<uyxp , Aaxp>, of X; X X, is called an intuitionist fuzzy
closed R-ideal of X; X X, if it satisfies (DIF3),(DIF4),and (DIF5) and the following

(DIF6) paxp((0,0) * (x,¥)) = paxp (¥, ¥)andAaxp((0,0) * (x, y)) < daxp(x,¥)

Theorem3.5: Let A = <uy,A,>and B = <ug,Ag> be two intuitionist fuzzy sub-algebra of BCK-
algebrasX;andX, respectively.Then AX B =<py«5 , Aaxpg> 18 an intuitionist fuzzy sub-algebra of
BCK-algebrasX; X X5 .

Proof: For any (x,y;), (x,¥,) € X; X X, .Then

Haxp ((X1Y1)*(X2Y2)) = Paxp (17 X2, Y1¥Y2)

=min { ps(x1* x5 )i (V1%Y2)}

zmin {min { pt,(x1), pa(x2)} min  {pp(y1), up(y2) }}
=min {min{ 1,4 (x1), Ha(y1)} min {pp(x,), pp(y2) }}

2 min{liaxp (X1Y1 ):haxp (X2,Y2)}

And Agxp (011 )* (x2)2)) = Aaxp (X1* X2, Y1%Y2)
=max{Ay (X, * x3), Ap(Y1*y2 ) }

smax { max {A4(x1), Aa(xz) } .max {Ap(y1), Ap(y2)}}
= max{ max { A4 (x1), 4p(y1) } max {A4(x2), 4p(¥y2)} }
< max {Aaxp (X1,Y1 ). daxp (X2,¥2) }

Hence for all (x1,y; ), (x2¥,) € X1 X X5, AX B =<psxp , daxp> is an intuitionist fuzzy
sub-algebra of BCK-algebras X; X X, .
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Theorem 3.6:Let A = <us,A,>and B = <ug,Ag> be two intuitionist fuzzy H-ideals of BCK-
algebras X;andX, respectively. Then AX B =<piaxp , Aaxp> is an intuitionist fuzzy R-ideal of
BCK-algebra asX; X X, .

Proof: For any (x,y) € X; X X,

taxg (0,0) = min {u, (0), ug(0)} = min {u, (x), ug (M)} = waxs (x, ).

And A4y (0,0) = max {44 (0),25(0)} < max {2, (x), 23 (3)} = Aaxz (%, ¥).

Now for any (x;¥1),(x2¥2) ,x3y3 € X1 X X,.

Maxp (61 y1)) = min {ps (x1), (1)}

> min{min{i, ((X,* X3) * (X, * 3)), g (x,) }.min {pp(V1 * ¥3) * (V2 * ¥3)utp(¥2)} }
= min{min{p, ((x1* x3) * (X3 * x3)), g (V1 * ¥3) * (V2 * ¥3)) }, min{uy (x,), u5(y2)}
=min {flaxp ((cg,* X3)*(x2 * x3)),((¥1 * ¥3) * (V2 * ¥3)) hobbaxs (X2, ¥2) }}

=min {pyp (((x1,y1)*(x3, ¥3) (X2, ¥2)*(X3Y3))), haxp (X2,Y2) }

And A4y p ((x1,Y1)) =max {44 (x1),15(y1)

< max{max{a, ((x,* x3) * (% * x3 ), A4 (x3) }max {Ag((y1 * ¥3) * (V2 * ¥3)):A5(¥2)})
= max { max{A, ((x1* x3)*(x; * 3)), 45 (Y1 * ¥3)*(¥ * ¥3)) }, max{A, (x2,), 2p(¥2)}}
= max {Aaxp (X1, * %3)*(0z * X3 (Y1 * ¥3) * (V2 * ¥3))} Aaxs(X2,Y2)} )

< max  {Agxp (((cg, Y1) *(x3,¥3)* (X2, ¥2)*(X3Y3 ), Aaxp (X2,Y2) }

Hence for all x;1y1),(x2Y2) , (x3Y3) € X1 X X5, AX B =<fiyxp , daxp> is an intuitionist
fuzzy R-ideal of BCK-algebr X; X X, .

Theorem 3.7:Let A = <uy,A4> and B = <ug,Ag> be two intuitionist fuzzy closed R-ideals of
BCK-algebras X;andX, respectively. Then AX B =<p,4p,d4xg> 1S an intuitionist fuzzy closed
R-ideal of BCK-algebra X; X X, .
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Proof: Let A = <uy,A,> and B = <ug,A5> be two intuitionist fuzzy closed R-ideals of BCK-

algebras X;andX, respectively. Using Theorem 3.6,AX B =<p «p , A4xp> 1S an intuitionist fuzzy
closed R-ideal of BCK-algebra X; X X, , then

Haxp((0,0)%(x,¥)) = paxp ((0*x,0%y)) = min{p,(0%x),up (0*y)}

= min {py(x), up(y)} = taxs(x, y).

And A5((0,0%(x,)) = Aaxp ((0%x,0%y)) = maxA(0*),45 (0*y)  }
<max{A,(x), A5(¥)}= Aaxp(x, y).

Hence AX B =<p,xp , Aaxp> is an intuitionist fuzzy closed R-ideal of BCK-algebra
X X X,.

Lemma 3.8: If AX B =< 45 , daxp> is an intuitionist fuzzy closed R-ideal of BCK-
algebra X; X X, . Then we have (a,b) < (x,y) = paxp (x,¥) < Uaxp (a,b) and

Aaxp (X,¥) = A4xp (a,b), V (a,b),(x,y) € X; X X,
Proof:

Let (a,b),(x, ) € X; X X2,

Such that (a,b) < (x,y) = (a,b)*( x,¥) = (0,0).

Consider paxg (X, ¥) = paxs ((x,y))

= min {paxp ((Cx, ¥)* (0,0))*((0,0)*((a,b))),uaxp (a,b) }
=min {faxp ((x, ¥)*((ab)).uaxp(a b)} = paxs(a b).
And 45 (X,¥) = Aaxp (X, ¥))

<max{Axp (((x, ¥)* (0,0)*((0,0)*((a,b))),dsxp (a,b)}

= max {/lAXB ((x, Y)*(a,b)),/leB (a, b)} = AAXB (a! b)
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Theorem 3.9:Let A = <uu,A4,> and B = <ug,Ag> be two intuitionistic fuzzy closed R-
ideals of BCK-algebras X; and X, resectively. Then (AXB) = <puyxp.laxg> 1S an
intuitionistic fuzzy R-ideal of BCK-algebra XX X, Where fiaxg = 1—Uaxp,

Proof:

Since by theorem 3.6 AXB = <puyxp.Aaxg> 1S an intuitionistic fuzzy R-ideal of BCK-
algebra X; XX, Then ptyxp(0,0) = pyxp(x.y)

1=paxp(0,0) <1=paxp(x, YI)Uaxp(0.0)< faxp(x,Y),

Now for any (x,y1),(x2,¥2),(x3,y3) € X;X X, we have

taxp (CcryD)zmin{p,xp ((Ce,y1)*(63,53))*((X2,Y2)*(X3,Y3))).Haxp (X2,Y2) }

1 — piaxp (YD) 1 — min{ugxp (((21,51)*(3,Y3)*((22,Y2)*(X3,Y3)))slhaxs (X2,Y2) }
=max {1l — paxp ((X1,Y1)*(x3,Y3))*((x2,y2)*(x3,Y3))),1 — paxp(x2,y2)}

Paxs(Ce,y))<max{ ((@axs(x 1,y 1)*(x3,Y3)*(( X2,Y2)*(%3,3)))-Haxs(X2,Y2) }

Hence (AX B) =<pyxp.laxg> 1S an intuitionistic fuzzy R-ideal of BCK-algera XXX,

Theorem 3.10: Let A = <pa,A4> and B = <up,Ag> be two intuitionistic fuzzy R-ideals of BCK-
algebras X; and X, respectively. Then AXB = <> is an intutionistic fuzzy R-ideals of BCK-
algebras XX X,

Proof:

Since by theorem 3.6 AXB = <pyxp,Aaxg> 1S an intuitionistic fuzzy R-ideal of BCK-
algebra X;xX,

Aaxp(0,0) < Aaxp(x.y)

1= 2ax5(0.0) = 1 = Aaxp(x,y)Aaxs(0.0)2 Aaxs(x, ¥),

Now for any (x,y1),(x2,¥,),(x3,y3) € X;X X, we have

Aaxe (XY ))S max{Aaxp (((c1,Y1)*(x3,Y3)*(( X2,Y2)*(X3,Y3))), Aaxp (X2,Y2) }

1= Aaxp((x1,y))= 1 —max{Aaxp (((x1,y)*(x3,Y3)*(( X2,Y2)*(x3,¥3))),Aaxp(X2,Y2) }
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= min {1 — A4 (((x1,y)*(x3,Y3)*((X2,y2)*(%3,Y3))), 1 — Aaxp(x2,¥2)}

/TAxB((Xl,%)*) = min {((/TAxB(xlJ’l)*(xs,%))*(( sz’z)*(x3,3’3))),/TAxB(x2,YZ)}

Hence AXB = <> is an intutionistic fuzzy R-ideals of BCK-algebras X;x X,

Theorem 3.11: Let A = < pa,44> and B = <ug,Az> be twointuitionistic fuzzy closed R-

ideals

of BCK-algebras X; and Xjrespectively. Then (AXB) = <pyxg,Aaxg> 1S an

intutionistic fuzzy R-ideals of BCK-algebras X;X X,. If and only if (AXB) = <pigxp.faxs>

and are intutionistic fuzzy R-ideals of BCK-algebras X;X X,

Proof:

The proof follows from theorem 3.9 and Theorem3.10
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