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Abstract:  

In ithis iarticle, ibasic iideas iabout ithe ipartitions iof inon iintersecting ipaths iare iintroduced. 

iDifferent ipartitions iare iassociated iby imeans iof iintersecting iand inon iintersecting ipaths 

iby iusing ipermutations iand icombinations. iWe ialso isee ithe itrails iof ivarious inumbers iof 

in-tuples iof inon iintersecting icurves iconnecting itwo igroups iof in ivertices. iThis ican ibe 
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igiven iby ideterminant imethods. iThe iaim iof ithis ipaper iwill iapply ipfaflians ito iget inon 

iintersecting icurves isuch ithat ithe iend ipoints iof ithe icurves iare igiven iin iknown idomain. 

1.1 iNON iINTERSECTING iPATHS iAND iPFAFFIANS PATHS i 

The non intersection paths and pfaffians graphs Concerned the common solutions of with n-

tuples are non-intersecting curve on acyclic digraph G. For enumerative purpose we give 

different definition of pfaffians, and group combinations of important properties of n-tuples of 

curves from the set of n corners to a well defined part of G. This can be done by various 

expressions depending on the problems pfaffian. The corresponding solutions given by Jozefia’k 

and Pragacz [JP], are also given [1-5]. 

The g-packing problem has been studied for certain families. A well known example is the case 

where F is the set consisting of the 2-cliques of a graph. In this case, the F-packing problem is 

the problem of finding a maximum matching in a graph. We are interested in a particular 

instance of the B-packing problem. Suppose G is a simple maximal planar graph; that is, G has 

no multiple edges and every face of G is a triangle. We denote by T(G) the set of all 2-cliques 

and facial triangles of G. Paper we derive a sufficient condition for G to have a perfect T(G)-

packing. This result then allows us to construct special perfect path double covers of maximal 

planar graphs.A iperfect ipath idouble icouer i(PPDC) iof ia igraph iG iis ia icollection iP iof 

ipaths isuch ithat ievery iedge iof iG ilies iin iexactly itwo ipaths iof iP iand ievery ivertex iof iG 

ioccurs iprecisely itwice ias ian iendpoint iof ithe ipaths iof iP i(where ia ipath iof ilength izero 

iis iconsidered ito ihave itwo iidentical iendpoints) iproves ithat ievery isimple igraph ihas ia 

iPPDC, ithus isettling ia iconjecture iof iBondy. i iLi’s iproof ialso iyields ian ialgorithm ifor 

iconstructing iPPDCs iof isimple igraphs. iOur iresult iabout iperfect iT(G) i- ipackings iof 

imaximal iplanar igraphs iallows ius ito iconstruct iPPDCs iof imaximal iplanar igraphs. iThese 

iPPDCs ihave ithe iadditional iproperty ithat iwhen ithe igraph ihas iminimum idegree iat ileast 

ifour, ithe isequence iof ilengths iof ithe ipaths iof ithe iPPDC iis ithe isame ias ithe idegree 

isequence iof ithe igraph. iThis ileads ito ithe iquestion iof iwhich igraphs ihave iPPDCs iwith 

ithis iproperty. iWe iconsider ionly isimple igraphs. iFor ia igraph iG, iwe idenote iby iI’(G) iand 

iE(G), irespectively, ithe ivertex iset iand ithe iedge iset iof ithe igraph, iwith i| iV(G) i|= iu(G) 
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iand i| iE(G)| i=e(G). iA iplanar igraph iis ia igraph iwhich ihas ian iembedding iin ithe iplane, 

ibut iwe ishall iuse ithis iterm ito isignify ia iplanar igraph itogether iwith ia ifixed iplanar 

iembedding. iIf iG iis ia iplanar igraph, iwe ilet iF(G) idenote ithe iset iof ifaces iof ithe igraph, 

iand iset i|F(G)|= if(G). iIf iv iis ia ivertex iof iG, ithen id(v) idenotes ithe idegree iof iv iin iG 

iand iδ(G) idenotes ithe iminimum idegree iof ithe ivertices iin iG. iA isubgraph iof iG iinduced 

iby ia iset iS  iV(G) iis ithe igraph iG[S] iobtained ifrom iG iby irestricting ithe ivertex iset ito 

iS. 

Let iG ibe ia imaximal iplanar igraph ion iat ileast ifour ivertices. iFor ivϵ iV(G), iwe ilet iN(v) 

idenote ithe iset iof ineighbours iof iu. iSince iG iis imaximal iplanar, ithere iis ia iunique icycle 

iC(v) iwith ivertex iset iN(u), iand ithis icycle iis icalled ithe ivertex icycle ifor iv iin iG. 

 

1.2 iiiMulti-level iiiHypergraph iiiPartitioning. 

State-of-the-art iiihypergraph iiipartitioners iiilike iiihMetis iiiand iiiPaToH iii iiiuse iiia iiimulti-

level iiiapproach. iiiThis iiischeme iiidivides iiithe iiipartitioning iiiprocess iiiinto iiithree 

iiiphases iii[6-10] 

1. iiiCoarsening iiiPhase iii 

2. iiiInitial iiiPartitioning 

3. iiiUncoarsening iiiand iiiRefinement iiiPhase 
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 iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iii iiiFigure iii1.1 iii: iiiMulti-Level 

iiiHypergraph iiiPartitioning 

The iiiidea iiibehind iiithis iiidivision iiiis iiito iiireduce iiithe iiinumber iiiof iiihypernodes iiiand 

iiihyperedges iiiin iiithe iiicoarsening iiiphase iiisignificantly iiiin iiiorder iiito iiidecrease iiithe 

iiicost iiiof iiithe iiiinitial iiipartitioning. iiiCoarsening iiiis iiithen iiireversed iiito iiiobtain iiia 

iii2- iiipartition iiiof iiithe iiiinitial iiihypergraph [11-15]. iii 

The iiicoar sening iiiphase iiiis iiiitself iiidivided iiiinto iiimultiple iiisteps, iiithe iiiso iiicalled 

iiilevels, iiithus iiithe iiiname iii"multi-level". iiiAt iiieach iiilevel iiigroups iiiof iiihypernodes 

iiiare iiieach iiimerged iiiinto iiionly iiione iiihypernode. iiiHypere dges, iiiwhich iiionly 

iiicontain iiione iiihypernode iiior iiihyperedges iiithat iiiare iiiparallel iiito iiianother 

iiihyperedge iiiafter iiithis iiimerging iiiare iiiremoved iiifrom iiithe iiihypergraph. iiiThe 

iiihypernode iiiwhich iiirepresents iiia iiimerged iiigroup iiicarries iiithe iiiweight iiiof iiiall 

iiihypernodes iiiof iiithe iiigroupiii[16-20]. 

As iiione iiihypernode iiiat iiia iiicoarse iiilevel iiimay iiirepresent iiivery iiimany iiihypernodes 

iiiof iiia iiifiner iiilevel, iiiwe iiihave iiia iiirather iiiglobal iiiview iiion iiithe iiioptimization 

iiiproblem iiiat iiithe iiicoarse iiilevels. iiThe iiiprocess iiiof iiicompiling iiiand iiimerging 
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iiigroups iiiis iiirepeated iiiuntil iiithe iiihypergraph iiiis iiismall iiienough iiifor iiian iiiefficient 

iiicomputation iiiof iiian iiiinitial iiipartition. iiiIn iiithe iiisecond iiiphase iiithe iiiinitial 

iiipartitioning iiitakes iiiplace. iiiThe iiicoarsened iiihypergraph iiiis iiioften iiipartitioned iiiby 

iiia iiiheuristic iiias iiithe iiiloss iiiof iiitopological iiiinformation iiiin iiithe iiicoarsening iiiphase 

iiican iiinot iiibe iiicompensated iiiby iiian iiioptimal iiiinitial iiipartition. iiiFor iiimore 

iiiinformation iiion iiiinitial iiipartitioning iiiwe iiirefer iiithe iiireader iiito iiiBichot iiiand 

iiiSiarry. iii 

The iiithird iiiphase iiiconsists iiiof iiiuncoarsening iiithe iiihypergraph iiiback iiito iiiits iiiinitial 

iiistate. iiiAt iiieach iiilevel iiithe iii2-partition iiiis iiirefined iiilocally iiiby iiimoving 

iiihypernodes iiibetween iiithe iiiblocks iiiin iiiorder iiito iiidecrease iiithe iiihyperedge iiicut. 

 

Theorem: iii 

  For iii𝑘 ≥ 2, 𝑖𝑖𝑖𝜑[𝐿(𝐹2,𝑘)] = 𝑘. 

Proof: 

Let iiiG iii= iiiF2,k iiibe iiia iii iiifire iiicracker iiigraph. iiiBy iiidefinition, iii(2,k) iiifire iiicracker 

iiigraph iiiis iiiobtained iiiby iiiconcatenation iiiof iii2, iiik iiistars iiiby iiilinking iiia iii iiileaf 

iiifrom iiieach. iiiConsider iiithe iiiline iiigraph iiiof iiiF2,k. iiiLet iiiS iiibe iiithe iiivertex 

iiiadjacent iiiwith iiiboth iiiv iiiand iiiv′. iiiHere iiithe iiivertex iiiv iiialong iiiwith iiiv1,v2,..,vk-1, 

iiiinduces iiia iiiclique iiiof iii iiithe iiiorder iiik iiialso iiithe iiivertex iiiv’ iiiwith iiiv1’,v2’...., 

iiivk-2’ iiiinduces iiianother iiiclique iiiof iiiorder iiik. iiiThus iiiin iiiL(F2,k), iiiwe iiifind iiitwo 

iiicopies iiiof iiimutually iiidisjoint iiicomplete iiisubgraphs. 

Consider iiia iiicolour iiiclass iiiC= iii{c1,c2,…ck}. iii iiiAssign iiia iiiproper iiicolouring iiito iiithese 

iiivertices iiias iiifollows. iii iiiAssign iiithe iiicolour iiic1 iiito iiithe iiivertex iiiv iiiand iiici+1 iiito iiithe 

iiivertices iiiv1,v2,....,vk-2 iiifor iiii=1,2,3...k iiiwhich iii iiiproduces iii iiia iii iii iiib-chromatic 

iiicolouring. iiiNext iiisuppose iiiif iii iiiwe iiiassign iiiany iiinew iiicolours iiito iiiv’ iiiand iiivi’ iiifor 

iiii=1,2…k-1 iiithen iiiit iii iiiwill iiinot iiiproduce iiia iiib-chromatic iiicolouring. iiiSimilarly iiiif iiiwe 

iiiassign iiiany iiicolour iiito iiithe iiiroot iiivertex iiiS, iiiagain iiiit iiifails iiito iiiproduce iiithe iiib-

chromatic iiicolouring. iii 

Because iiihere iiithe iiivertex iiiset iiiv iiiand iiiv’ iiiare iiimutually iiidisjoint iiito iiieach iiiother. 
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Thus iiithe iiionly iiipossibility iiiis iiito iiiassign iiithe iiisame iiicolour iiiwhich iiiwe iiialready 

iiiassigned iiifor iiithe iiivertices iiiv iiiand iiivi iiifor iiii=1,2,3..k-1 iiisuch iiias iiic1 iiito iiiv′ iiiand 

iiici+1 iiito iiivi′ iiifor iiii=1,2,3…k-1 iiiand iii iiithe iii iiicolour iii iiic2 iii iiito iii iii iiithe iiiroot iiivertex. 

iiiNow iiiall iiithe iiivertices iiivvi iiiand iiivvi′ iiirealizes iiiits iiiown iiicolour, iiiwhich iiiproduce iiia 

iiib-chromatic iiicolouring. iii iiiThus iii iiiby iii iiithe iii iiicolouring iii iiiprocedure iii iiithe iii 

iiiabove iii iiisaid iii iiicolouring iii iiiproduces iii iiia iii iiimaximum iii iiiand iiib-chromatic 

iiicolouring. 

 

 

Theorem: 

Let iiiG iiibe iiithe iiisquare iiiof iiithe iiigraph iiiC13 iii× iiiC13 iiiThen iiiG iiiis iiib-colorable 

iiiwith13-colors iiiand iiib(G)=13. 

Proof: 

 Let iiithe iiivertex iiiset iiiof iiiG iiibe iiiV={(i,j) iii: iii1 iii≤ iiii iii≤ iii13, iii1 iii≤ iiij iii≤ iii13}. 

Since iiib(G) iii= iii∆+1 iiiand iii∆(G) iii= iii12, iiiwe iiihave iiib(G) iii= iii13. iiiIt iiiremains 

iiito iiishow iiithat iiiG iiiis iiib-colorable iiiwith iii13 iiicolors. iii 

Let iiius iiicolor iiithe iiivertices iiiof iiiG iiias iiifollows: 

c((1, iii1)) iii= iii4,c((1, iii2)) iii= iii11,c((1, iii3)) iii= iii2,c((1, iii4)) iii= iii10,c((1, iii5)) iii= 

iii12,c((1, iii6)) iii= iii5, iiic((1,7)) iii= iii13, iiic((1,8)) iii= iii3, iiic((1,9)) iii= iii8, 
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iiic((1,10)) iii= iii9, iiic((1,11)) iii= iii1, iiic((1,12)) iii= iii6, iiic((1,13)) iii= iii7, iiic((2,1)) 

iii= iii5,c((2, iii2)) iii= iii13,c((2, iii3)) iii= iii3,c((2, iii4)) iii= iii8,c((2, iii5)) iii= iii9,c((2, 

iii6)) iii= iii1, iiic((2,7)) iii= iii6, iiic((2,8)) iii= iii7, iiic((2,9)) iii= iii4, iiic((2,10)) iii= iii11, 

iiic((2, iii11)) iii= iii2,c((2,12)) iii= iii10, iiic((2,13)) iii= iii12,c((3, iii1)) iii= iii1,c((3, iii2)) 

iii= iii6,c((3, iii3)) iii= iii7,c((3, iii4)) iii= iii4,c((3, iii5)) iii= iii11,c((3, iii6)) iii= iii2, iii iii 

iiic((3,7)) iii= iii10, iiic((3,8)) iii= iii12, iiic((3,9)) iii= iii5, iiic((3,10)) iii= iii13, iiic((3,11)) 

iii= iii3, iiic((3,12)) iii= iii8, iiic((3,13)) iii= iii9,c((4, iii1)) iii= iii2,c((4, iii2)) iii= iii10,c((4, 

iii3)) iii= iii12,c((4, iii4)) iii= iii5,c((4, iii5)) iii= iii13,c((4, iii6)) iii= iii3, iiic((4, iii7)) iii= 

iii8, iiic((4, iii8)) iii= iii9,c((4, iii9)) iii= iii1,c((4,10)) iii= iii6,c((4,11)) iii= iii7,c((4, iii12)) 

iii= iii4, iiic((4,13)) iii= iii11,c iii((5,1)) iii= iii iii3,c iii((5,2)) iii iii= iii iii8,c iii((5,3)) iii iii= 

iii iii9,c iii((5,4)) iii iii= iii iii1,c iii((5,5)) iii iii= iii iii6 iii,c iii((5,6)) iii iii= iii iii7, iiic((5,7)) 

iii iii= iii iii4, iiic((5,8)) iii= iii11, iiic((5,9)) iii= iii2, iiic((5,10)) iii= iii10, iiic((5,11)) iii= 

iii12, iiic((5,12)) iii= iii5, iiic((5,13)) iii= iii13,c((6, iii1)) iii= iii7,c((6, iii2)) iii= iii4,c((6, 

iii3)) iii= iii11,c((6, iii4)) iii= iii2,c((6, iii5)) iii= iii10,c((6, iii6)) iii= iii12, iiic((6,7)) iii= iii5, 

iiic((6,8)) iii= iii13, iiic((6,9)) iii= iii3,c((6, iii10)) iii= iii8,c((6,11)) iii= iii9, iii iiic((6, iii12)) 

iii= iii1, iiic((6,13)) iii= iii6, iiic((7,1)) iii= iii iii12, iiic iii((7,2)) iii= iii5, iiic iii((7,3)) iii= 

iii13, iiic iii((7,4)) iii= iii3, iiic iii((7,5)) iii= iii8, iiic iii((7,6)) iii= iii9, iii iiic iii((7, iii7)) iii= 

iii1, iiic((7, iii8)) iii= iii6,c((7, iii9)) iii= iii7,c((7,10)) iii= iii4,c((7,11)) iii= iii11,c((7,12)) 

iii= iii2, iiic((7,13)) iii= iii10,c iii((8,1)) iii= iii9, iiic iii((8, iii2)) iii= iii1, iiic iii((8,3)) iii= 

iii6, iiic iii iii((8, iii4)) iii= iii7, iiic iii((8, iii5)) iii= iii4, iiic iii((8, iii6)) iii= iii11, iiic 

iii((8,7)) iii= iii2, c((8,8)) iii= iii10, iiic((8,9)) iii= iii12,c((8,10)) iii= iii5, iiic((8,11)) iii= 

iii13,c((8,12)) iii= iii3, iiic((8,13))iii= iii8,c iii((9,1)) iii= iii11, iiic iii((9,2)) iii= iii2,c 

iii((9,3)) iii= iii10,c iii((9,4)) iii= iii12,c iii((9,5)) iii= iii5,ic iii((9,6)) iii= iii13, iiic iii((9, 

iii7)) iii= iii3, iiic((9, iii8)) iii= iii8,c((9, iii9)) iii= iii9,c((9,10)) iii= iii1,ic((9,11)) iii= 

iii6,c((9, iii12)) iii= iii7,c((9,13)) iii= iii4,c((10,1)) iii= iii13,c((10,2)) iii= iii3,c((10,3)) iii= 

iii8,c((10,4)) iii= iii9,c((10,5)) iii= iii1, iiic((10,6)) iii= iii6, iiic((10,7)) iii= iii7, iiic((10,8)) 

iii= iii4,c((10,9)) iii= iii11, iiic((10,10)) iii= iii2,c((10,11)) iii= iii10, iii iiic((10,12)) iii= 

iii12,c((10,13)) iii= iii5, iiic((11,1)) iii= iii6,c((11,2)) iii= iii7,c((11,3)) iii= iii4,c((11,4)) iii= 

iii11,c((11,5)) iii= iii2, iiic((11,6)) iii= iii10,c((11,7)) iii= iii12, iiic((11,8)) iii= iii5, 

iiic((11,9)) iii= iii13, iiic((11,10)) iii= iii3, iii iiic((11,11)) iii= iii8, iiic((11,12)) iii= iii9, 
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iiic((11,13)) iii= iii1, iiic((12,1)) iii= iii10,c((12,2)) iii= iii12,c((12,3)) iii= iii5,c((12,4)) iii= 

iii13, iiic((12,5)) iii= iii3,c((12,6)) iii= iii8,c((12,7)) iii= iii9, iiic((12,8)) iii= iii1, iiic((12,9)) 

iii= iii6, iiic((12,10)) iii= iii7, iiic((12,11)) iii= iii4, iiic((12,12)) iii= iii11, iiic((12,13)) iii= 

iii2, c((13,1)) iii= iii8,c((13,2)) iii= iii9,c((13,3)) iii= iii1,c((13,4)) iii= iii6, iiic((13,5)) iii= 

iii7,iic((13, iii6)) iii= iii4,c((13, iii7)) iii= iii11, iiic((13, iii8)) iii= iii2,c((13, iii9)) iii= iii10, 

iiic((13, iii10)) iii= iii12, iiic((13,11)) iii= iii5, iiic((13,12)) iii= iii13, iiic((13,13)) iii= iii3. 

Note iiithat iiiin iiithe iiiabove iiicoloring iiiall iiithe iiivertices iiiare iiicolorful. 

 

Conclusion: 

In iiithis iiiarticle iiiwe iiihave iiithe iiiconcepts iiiof iiiNon-intersecting iiiPaths iiiand 

iiiPfaffians iiiand iiiHyper iiigraph. iiiAlso iiito iiimake iiithe iiicolouring iiias iiib-chromatic 

iiione, iiiwe iiishould iiiassign iiionly iiithe iiisame iiiset iiiof iiicolours iiito iiivi′(i=1,2,3..n) 

iiiwhich iiiwe iiialready iiiassigned iiifor iiiui′(i=1,2,3…n).Now iiiall iiithe iiivertices iiiui′,vi′ 

iiiand iiiw iiirealizes iiiits iiiown iiicolour, iiiwhich iiiproduces iiia iiib-chromatic iiicolouring. 

iiiThus iiiby iiithe iiicolouring iiiprocedure iiithe iiiabove iiisaid iiicolouring iiiis iiimaximum 

iiiand iiib-chromatic. 
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