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Abstract:

Polycyclic aromatic hydrocarbons, or starphenes, are composed of three distinct acene-arm
variants. The fundamental building blocks for the downsizing of various electronic devices,
particularly organic ones, are starphenes. It was also a key component of several logical
gates. Every electrical circuit, structure, or network in network topology can be represented
as a graph with line segments (branches) acting as edges and primary nodes (or simply nodes)
alternating to vertices. Resolvability parameters of a graph are a relatively recent specialized
field in which the unique location of each primary node is obtained by forming the network
as a whole. This article investigates the metric, edge metric dimension, and generalizations as
resolvability characteristics of starphene structure. We demonstrated the consistent
cardinalities of all the parameters examined for the starphene graph. Transforming the entire
structure into a fresh shape provided by resolvability parameters facilitates understanding and
handling of structures.

1. Introduction

The graphical representation of electric circuits known as network topology. Complex and
complicated electric circuits or networks are relatively not easy to work on and study in their
original forms, to make them easy and understandable, network topology is used. Any electric
circuit or network can be transformed or shaped into its equivalent graph, in this procedure of
terraforming an electric network into graph, open circuits took places of current sources and
short circuits are came up in place of the passive elements and voltage sources. Open circuits
usually denoted by nodes (or principal nodes) in network topology and vertices in pure
mathematical graph theory, whereas short circuits are called as line segments (or branches) in
network topology and edges in graph theory conceptualization. The formal definition of
graphical representation of an electric circuit or network is defined as:
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Peer review under responsibility of Ain Shams University. Definition 1.1 [25]. “Let @dVd
bP@ ; Ed b@ P is an electric circuit (network) with VO P@ is called as set of principal nodes
(vertex set) and E0 P@ is the set of branches (edge set). The total number of principal nodes
in an electric network are jVO P@ j and the count of branches usually denoted as jE§ P@ j,
basically these are order and size of a equivalent graph of an electric network.”

To elaborate more in depth we took an example to transform an electric circuit into its
corresponding graph. In the circuit shown in Fig. 1 (left), the labeling with 1; 2; 3, and 4, we
can see are the four principal nodes (or vertices). There are also labeling with 15 X; 2 X; 5 X
5 X, and 10 X are the resistors having resistances in X-unit, 2 A is a current source, 10 V
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which is a voltage source, these are all seven branches (or edges) in the above circuit. There
is another drawing shown in the following Fig. 1 (right), which is an equivalent graph of the
electric circuit. For more detail of transformation of a electric circuit to graph see [53].

We will show some technique of graph to demonstrate theoretical parameters in the context
of electronics. There are several different approaches to examine and investigate circuits of
electric when it comes to graph theory. In 1975, [50,13] presented an effective notion of
network visualization; in this concept, a small number of main nodes are chosen so that the
whole set of principle nodes can be identified in relating to a distance vector, this is referred
to as the metric basis or resolving set. This notion laid the groundwork for a number of graph

theoretical parameters that are used in a variety of electrical and chemical engineering,
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and in other areas. The fault-tolerant concept of the definition of resolving set, described by
[5], is also a unique approach of examining a graph (structure) wherein fault-tolerant of a
solemn main vertex from the resolving set may be allow while the full collection of primary
vertices still has a unique location. In 2018, [21] developed the edge metric resolving set,
which assigns a unique location to the whole set of branches (edges) instead of main nodes.
The authors in [28], investigated the edge version of a fault-tolerant resolving set in 2020. In
[22], authors presented the combination version of resolving and edge metric resolving set in
2017, which allows whole sets of main nodes and branches to be uniquely identified.
Partition resolving set [6] is created when the whole set of primary vertices, is split down into
subgroups and the requirement of acquiring distinct position of the set of principal nodes is
met. All of the aforementioned ideas are referred to be metric-based resolvability parameters,
and they’ve been investigated for many circuits, networks and graphs. For more versions of
graph theoretical aspects, we refer to see [11,12,41].

The researchers of [14,27,7,6], examined complexity or computational cost and demonstrated
that all of the parameters from resolvability family, investigated in this work relate to the
nondeterministic polynomial time-hardness. The investigators are inspired by the proven
results of the metric dimension which has a wide range of practical applications in our
everyday lives and is well-studied. Metric dimension is used in a variety of disciplines,
including the weighing of coins [50], robot navigation [23], pharmaceutical chemistry [7],
computer networks [30,46] also linked to this idea, coastguard loran, sonar, and facility
locating difficulties connected to this concept in the foundational article by [49], for a more
comprehensive examination and the uses of this pointer [35,36]. In several real-world
applications, the partition dimension is also described, as an illustration, by [4], the process of
identifying a network and also its verification is connected to this idea, the piloting or
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guidance of a robot also linked to this concept [23], the popular relationship Djokovic-
Winkler linked to this concept [5], for the coding of games, their decoding and other
strategies of games and especially mastermind games brief in [10]. See [7,13,18,19,32] for
additional information on how to use and use these resolvability factors.

As previously stated, the chemical field is blessed with the applications of this parameter. A
huge number of publications are done and published whether in the graph prospectives or
particularly related to metric dimension. The VC5C7 and HNaphtalenic nano-tubes are
detailed in [16] with the pointer of metric, cellulose network is studied in [47], in which they
computed some sharps boundaries on this parameter, silicate star is another chemical rich
structure and [48] made a point of discussion this structure for metric dimension, two types of
structure in which one is alpha-boron nanotubes and other one is twodimensional lattice, are
detailed in [15], relating to the metric pointer and also linked with its applications. The
partition dimension parameter is detailed in [3] with inconstant cardinality, a chemical
structure which is a fullerene with d84; 6P type, is also examined in [31] by using the notion of
partition resolving set. We ask you to look at the papers [34,9,29] for some recent
publications on the resolving partition set.

Moving on to the edge metric dimension, [26] examined the barycentric subdivision of the
Cayley graph, [55,1] presented a few works on the convex polytopes structure, and [51]
addressed the chemical structures of wheel graphs. In addition, the foundational work on the
edge metric dimension is published in the reference [52], which includes a quantitative
comparison between metric and its various variants. Some current work can be gained by the
references [39,45,39,2,42], for the fault-tolerant idea mentioned in [17] for basic graphs and
[37] for diverse connectivity networks along with the deployment of their applications.

The following are some very fundamental ideas and early mathematical definitions that are
very helpful in comprehending the study work conducted in this research.

Definition 1.2 ([34,25]). “Suppose @0V0 b@ ; Ed b@ P is an undirected graph of an electric
circuit (network) with VO P@ is called as set of principal nodes (vertex set) and E0 P@ is the
set of branches (edge set). The distance between two principal nodes f1;f2 2 VO b@ , denoted
as dof1;f2b is the minimum count of branches between fl1 {2 path.”

Definition 1.3 ([50,25]). “Suppose R VO P@ is the subset of principal nodes set and defined
as R % ff1;£2;...;fsg, and let a principal node f 2 VO P@ . The identification rdfjRP of a
principal node f with respect to R is actually a s-ordered distances 0dof;f1P; dof;f2b;...;
dof;fsbb. If each principal node from V38 P@ have unique identification according to the
ordered subset R, then this subset renamed as a resolving set of network @. The minimum
numbers of the

V St188 ;mmnbb % far;: 1 6f 201 pn 1bg[fbr: 16f 201pm 1bg [for;: 1 6f
28mpn 1bg;

E 5t190 ;mnbb % faram1;: 1 6f 2dl pnb 3g [ fbrbri;: 1 6f 281 bmb 3g[ fewcse1;: 1 6f 28m b nb
3g[faby: 16f 21 1;f % oddg[ fares;: 21 6f 281 pn 1b; f X even;j ¥ 281 b nb
1 fg[fbscs;: 21 6f 261 pm 1b;f;j Meven;2n6j 20mpn 1bg:
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elements in the subset R is actually the metric dimension of @ and it is denoted by the term
dimd P@ .”

Definition 1.4 ([5,25]). ““A particular chosen ordered subset which were actually resolving set
symbolize by R of a network @ is considered to be a fault-tolerant denoted by 0Rf b, now if
for each member of f 2 R, with the condition R n f is also remain a resolving set for the
network @. The fault-tolerant metric dimension will be the least possible elements in the
fault-tolerant resolving set and labeled as dimf 0 b@ .”

Definition 1.5 ([21,24]). “A principal node £ 2 V& b@ and a branch e % f1f2 2 Ed b@ , the
distance between f and e is defined as dde;fP "4 minfdofl;fP; dof2;fPg. Suppose Re VO b@
is the subset of principal nodes set and defined as Re Y4 ff1;f2;...;fsg, and a branch e 2 Ed P@
. The identification roejReP of a branch e with respect to Re is actually a s-tuple distances
0doe;f1P; dde;f2b;...; dde;fsbb. If each branch from Ed P@ have unique identification
according to Re, then Re is called an edge metric resolving set of network @. The least
possible elements in the set Re is labeled as the edge metric dimension of @ and it is
represented by dimed b@ .”

Definition 1.6 ([28,24]). ““An fault-tolerant edge metric resolving set dRe;f b of a network @
is considered, if for each f 2 Re; Re n f is remains an edge metric resolving set for @. The
fault-tolerant edge metric dimension will be the minimum amount of members in the fault-
tolerant edge metric resolving set and it is described as the entire set of principal nodes have
unique identifications, then Rp is named as the partition resolving set of the principal node of
a network (@. The least possible count of the subsets in that set of VO P@ is labeled as the
partition dimension dpdd PP@ of @.”

Given below are some useful observations and are very necessary in the finding of our main
results of the resolvability parameters of our graph @.

Theorem 1.9 [8]. Let dimd P@ , the metric and dimf & P@ is the faulttolerant metric
dimension of graph @. Then dimf 0 P@ P dimd b p@ 1: dime;f 8 P@ .”

Definition 1.7 [22]. If the identifications of entire set of principal nodes and branches are
unique with respect to a chosen resolving set Rm 0 P@ , then Rm is called as mixed metric
resolving set, and the minimum count of elements in Rm is called as mixed metric dimension
and denoted as dimmd P@ .

Definition 1.8 ([6,24]). “Let Rp # VO bP@ is the s-elements proper set and rfjRp Y4 fdof;
Rp1b; dof; Rp2b;...; dof; Rpsbg, is the s-tuple disp tance identification of a principal node f
in association with R . If Theorem 1.12 [22]. Let dimmd P@ be a mixed metric dimension of
a graph @. Then dimmd P@ P maxfdimd P@ ;dimed Pg@ :

2. Construction of Starphene St 18 ;m;np

Starphenes are two-dimensional polycyclic aromatic hydrocarbons (PAH) which are build by
three acene arms [33] connected systematically on a centered benzene ring [40]. Starphenes
are widely used in many electronic devices, and played a key role in the revolution of
miniaturization of electronic devices. The structure used in the single molecule electronics as
NOR [44] and as well as NAND [43]. The starphenes are very attractive materials in different
electronic applications, especially organic electronics, the starphenes behaved as a component
which is organic light emitting diodes in the field effect transistors [20].
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Starphenes are belongs to the family of PAH, it has three acene arms we denoted as 0l; m; np
arms on a centered benzene ring. We denote the starphene structure or network throughout
the work as St 18 ; m; nP. The total number of vertices in starphene with different I; m and n
variation 40l p m p nP 6, and 501 p m p nP 9 are the total nodes or line segments. Given
below are the vertex (or principal nodes) and edge set (line segment or branches) of
corresponding graph of St 10 ; m; nb. Theorem 1.10 [28]. Let dimed P@ , the edge metric and
dime;f 0 P@ is the fault-tolerant edge metric dimension of graph @. Then dime;f & P@ P
dimed P p@ 1:

Theorem 1.11 ([50,52]). Let dimd P@ ; dimed P@ ; dimmd P@ ; pdd P@ , are the metric,
edge metric dimension, mixed metric dimension and partition dimension of a graph @
respectively. Then

dimd P Y4@ dimed P Ya@  1;iff @ is a path graph;

dimmod b Y@ pdo b Y@ 2; iff @ is a path graph:

Furthermore, by merging the vertex and edge sets of St 18 ; m; nP created above, the vertices
marking utilized in the discoveries reported in Fig. 2, and the generalize St 10 ; m; nP can be
constructed.

3. Results on the resolvability of starphene St 18 ;m;nb

This section is started by the core of this work, in which the resolving set with cardinality two
is chosen from the possible combinations, later it’s generalizations in which the faulttolerant
version of resolving set, edge metric dimension and its generalized version which same as the
fault-tolerant of given above, mixed metric dimension and at the end final version of all
resolvability parameters named as the partition dimension are elaborated.

Lemma 3.1. Let the graph of starphene is St 18 ; m; nP with 1; m; n P 2. Then the cardinality
of resolving set of St 10 ; m; nb is 2.

Proof. Let R 7 fal; a28lpn1bg, from the vertex set of graph of starphne St 10 ; m; nb, with
cardinality two. Consider R is one of the potential candidate for the role of resolving set. The
identifications of the complete set of nodes in St 10 ; m; npP with regard to the nodes in R are
provided below.

-
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C2(m+n-1)

bagrm-1)
Fig. 2. The labeling of starphene St 18 ; m; nb.

For % 1;2;...; 201 pn 1P, the r ad {fjRP, are following; r ad fjRP %4 6f 1; 281 pn 1P fb:

For f'4 1; 2;...; 20l p m 1P, the r bd fjRP, are following;

r bd fjRP Y4 00ft;; 22008Inpnlb pb 11 p ftPb;; ifif ff Ya% 211;;22;1...p ;12;1...;12;01 p m

1b:

Forft¥%1;2;...; 20m p n 1P, the r cd fjRP, are following;

020l pnb 1 f;fb; ift% 1;2;...;2m 1; Proof. By using the basic technique of
double inequality, to prove that the graph of starphene St 10 ; m; nP has two metric
dimension. We refer to see the Lemma 3.1, in that proved we already showed that the
potential candidate for the resolving set R V4 fal; a28lpn1bg, with 2 cardinality.

Now we will prove that dim St 16 6 ; m; nPP P 2. On contrary we can see that the starphene is
not a path graph and using Theorem 1.11, it indicated that one metric dimension of St 1 ; m;
nb is not possible. Hence; dim St 18 0 ; m; nPb P 2.

Hence,

rcR

Fig. 2. The labeling of starphene St 18 ; m; nb.
Forf¥%1;2;...; 201 pn 1P, the r ad fjRbP, are following; r ad fjRP 4 6f 1;281pn 1P fb:
Forf¥% 1;2;...; 201 p m 1b, the r bd {fjRb, are following;

r bo fjRP V4 00ff;; 22008Inpnlb pb 11 p ftbb;; ifif ff Vala 211;;22;1...p ;12;1...512;01 p m
1b:
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Forf¥%1;2;...; 20m p n 1P, the r cd fjRP, are following;

020l pnb 1 f;fb; iff% 1;2;...;2m 1; Proof. By using the basic technique of
double inequality, to prove that the graph of starphene St 10 ; m; nP has two metric
dimension. We refer to see the Lemma 3.1, in that proved we already showed that the
potential candidate for the resolving set R V4 fal; a2d8lpn1bg, with 2 cardinality.

Now we will prove that dim St 18 0 ; m; nbPP P 2. On contrary we can see that the starphene is
not a path graph and using Theorem 1.11, it indicated that one metric dimension of St 18 ; m;
nP is not possible. Hence; dim St 10 & ; m; nPP P 2.

Hence,

rcR

ofjp Y 020n mbp 1pf; fb; iff%2m;2mp 1;...;20mpn 1b:dimStld 0O ;m;nPPb
Ya 2:

We can see that all the primary nodes held unique identifications and met the idea of a
resolving set by concluding that j jR % 2, by looking at the identifications of the whole group
of nodes of St 10 ; m; nb. h

Theorem 3.2. Let the graph of starphene is St 10 ; m; nP with 1; m; n P 2. Then

dim St 10 0 ;m;nPb Y 2:

Lemma 3.3. Let the graph of starphene is St 10 ; m; nP with 1; m; n P 2. Then the cardinality
of fault-tolerant resolving set of St 10 ; m; nb is 4.

Proof. Let Rf V4 fa2ll; a2l; b20lpm1P; c20mpn1bg, from the vertex set of graph of starphne
St 10 ; m; nb, with cardinality four. Consider Rf is one of the potential candidate for the role
of fault-tolerant resolving set. The identifications of the complete set of nodes in St 10 ; m; nb
with regard to the nodes in Rf are provided below.

For f'4 1;2;...; 201 pn 1P, the r a fjRf, are following;

8>0jf 21p 1j;jf 21j; 201 pmb 1 f;281 p mb fb; iff' 1;2;...;21 1;rafjRf Ya
<0jf 21p 1j;jf 215; 1 p f; 20m 1P p 1P; if £%21;21p 1.5
>: 20l pn 1b:
>>>8021 f;21 fp1;20lpm 1P f;201p mb 1 fb;
rbfjRf % <0f 21p2;f 21p3;20lpm 1P f;201p mb 1 fb;
>>> if V4 1;2;..521 1;if £ % 2121 p 1;
.;20lpm 1b:
Forft¥%1;2;...; 201 p m 1P, the r b fjRf, are following;
Forf¥%1;2;...; 20m pn 1P, the r ¢ fjRf, are following;
8>02n fp1;2n f;f;20mpn 1b fb; if % 1;2;...;2n 1; r cfjRf Vi <0f 2m
pb3;f 2mp2;f;20mpn 1b fb; iff%2n;2np 1;...;
>: 20m pn 1b:

We can see that all the primary nodes held unique identifications and met the idea of a fault-
tolerant resolving set by concluding that Rf % 4, by looking at the identifications of the
whole group of nodes of St 10 ; m; nb. h

{
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Theorem 3.4. If the graph of starphene is St 10 ; m; nP with I; m; n P 2, then dimf dSt 10
;m;nbb % 4:

Proof. By using the basic technique of double inequality, to prove that the graph of starphene
St 18 ; m; nP has four fault-tolerant metric dimension. We refer to see the Lemma 3.3, in that
proved we already showed that the potential candidate for the fault-tolerant resolving set Rf
Ya fa2ll; a2l; b28lpm1P; c20mpn1Pbg, with four cardinality. one time for each loop, resulted in
the same identifications are; rvfjROf 4 rvjjROf, where vf;vj 2 fl

acenearmverticesg.

Case 3: Let ROf fcf: f'4 1;2;...; 20m p n 1bg, and containing three members one time for
each loop, resulted in the same identifications are; rvfjROf ' rvjjROf , where vf 2 fl
acenearmverticesg, and vj 2 fm acenearmverticesg.

Case 4: Let ROf faf;bj:f% 1;2;..;28lpn 1P;andj '
1; 2;...; 201 p m 1bg, and containing three members one time for each loop, resulted in the
same identifications are; rvfjROf % rvjjROf, where vf;vj 2 fn acenearmverticesg.

Case 5: Let ROf faf;cj:f% 1;2;..;20lpn 1b;andj %
1; 2;...; 20m b n 1Pg, and containing three members one time for each loop, resulted in the
same identifications are; rvfjROf % rvjjROf, where vf;vj 2 fn acenearmverticesg.

Case 6: Let  ROf fbf;cj:f%
1;2;..;20lpm 1b;andj % 1; 2;...; 20m p n 1Pg, and containing three members one time for
each loop, resulted in the same identifications are; rvfjROf % rvjjRf0 , where vf 2 fl
acenearmverticesg, and vj 2 fm acenearmverticesg.
All the above chosen cases are resulted in that there is no candidate for fault-tolerant
resolving set with cardinality three and implied that the graph does not have dimf 6St 10 ; m;
nbP % 3. Hence; dimf 0St 10 ; m; nPP P 4.
Now by relating both inequalities, end up with conclusion that dimf dSt 18 ;m;nPP ' 4:
Lemma 3.5. Let the graph of starphene is St 10 ; m; nP with 1; m; n P 2. Then the cardinality
of edge metric resolving set of St 10 ; m; nb is 3.
8><0f 1;201pnb 3 ;201 pm 1b fb;
r ad fafpljReb Y4 of 1;20lpnP 3 f;20m 1P Dp 1 p fb;
> if £ 1;2;...;21 2;if %21 1;21;...; 201 p nP 3:
Proof. Let Re 4 fal; a28lpn1P; b20lpm1bg, from the vertex set of graph of starphne St 10 ;
m; nP, with cardinality three. Consider Re is one of the potential candidate for the role of
edge resolving set. The identifications of the complete set of edges in St 10 ; m; nb with
regard to the nodes in Re are provided below.
For f % 1; 2;...; 201 p nP 3, the r a efafp1jRe, are following;For Case 4: Let ROe faf; bj: f %
1;2;...;20lpn 1b;andj % f Y% 1; 2;...; 201 p mb 3, the r b tbfp1jR , are following; 1; 2;...;
20l p m 1bg, and containing three members one time

>80f; 20l pm 1P f; 201 p mb 3 fb; if £ 1;2;...;21 2;
r bd fbfp1jRep % <0f; 20n 1Pp 1p f; 20l p mp 3 fb; if f%21 1;2L;..;
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>: 20l p mp 3:
Forf¥% 1;2;...; 20m p nP 3, the r cd fcfp1jReb, are following;
8><820lpn 1P f; f;20mpn 1P fb;
r c0 fcfpljReb Y4 of 20l nPp 1; f;20mpn 1P fb;
> iff% 1;2;...;:2n 2;iff% 2n 1;2n;...; 20m p np 3:

For f Y4 1; 3; 5;...; 21 1, the r a0 fbfjReb, are following; r ad fbfjReb Y4 0f 1; 20l pn 1P f;
20l pm 1P fPb:
For £ % 21;21p 2;21p 4;...; 201 pn 1P, and j % 201 pnP 1 f, the r a fcjjRe, are following; r a
fcjjRe 4 0f 1;201pn 1P f;20m 1P p fb:
For f%21;21p2;21p4;..;20lpm 1P, and j % 2n; 2n p 2;...; 20m p n 1P, the r b
fcjjRe, are following; r b fcjjRe %4 of; £p 1; 201 p m 1P fb:
We can see that all the primary edges held unique identifications and met the idea of a edge
resolving set by concluding that jRej ¥4 3, by looking at the identifications of the whole group
of edges of St 10 ; m; nb. h
Theorem 3.6. If the graph of starphene is St 18 ; m; nP with 1; m; n P 2, then dimedSt 10
;m;nbpb % 3:
Proof. To prove that the edge metric dimension of St 10 ; m; nP is 3, we choose the double
inequality method for dimedSt 18 ; m; nPP 3, we are referring the Lemma 3.5 which is a
candidate for the edge metric resolving set with cardinality three, it is taken as
Re Y4 fal; a208lpn1b; bolpm1bg.
Now for dimedSt 10 ; m; nbb P 3, by contradiction we get dimedSt 10 ; m; nbb 4 2, for this,
suppose there is a candidate of edge metric resolving set is ROe with cardinality 2. Given
below are some discussion in the support of this assumption.
Case 1: Let ROe faf: f ' 1;2;...; 201 p n 1bg, and containing three members one time for
each loop, resulted in the same identifications are; r e fjROe % r e jjROe, where ef; e 2
fcentralbenzeneringedgesg.
Case 2: Let ROe fbf: % 1;2;...; 201 p m 1Pg, and containing three members one time for
each loop, resulted in the same identifications are; r e fjROe % r e jjROe, where ef; e 2
fcentralbenzeneringedgesg.
Case 3: Let ROe fcf: f% 1;2;...; 20m p n 1Pg, and containing three members one time for
each loop, resulted in the same identifications are; r e fjROe % r e jjROe, where ef; e 2
fcentralbenzeneringedgesg.
for each loop, resulted in the same identifications are; r e fjROe Y4 r e
JJROe, where ef; e) 2 fm acenearmedgesg.

Case 5: Let ROe faf;cj:f% 1;2;...;20lpn 1b;andj %
I; 2;...; 20m p n 1bg, and containing three members one time for each loop, resulted in the
same identifications are; r e fjROe 4 r e jjROe, where ef 2 fcentralbenzeneringedgesg, and ej 2
fl acenearmedgesg.

Case 6: Let ROe fbf;cj:fl%1;2;.;20lpm 1b;andj %

.
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I; 2;...; 20m p n 1Pg, and containing three members one time for each loop, resulted in the
same identifications are; r e fjROe 4 r e jjROe, where ef 2 fcentralbenzeneringedgesg, and ej 2
fm acenearmedgesg.

Analogously, from the above discussion we can observe that we are unable to get a single
candidate from the possible combinations which are jV St 10 ¢ ;m;nPPjC2 "4 219;;V St IV St
180 80;;mm;;nnPPPPjj! 2b! V4 2040041p01pmmppnPnP6bP8!P! of the set of all principle nodes
of starphene graph St 18 ; m; nb. This indicate that the edge metric dimension of St 10 ; m; nb;
2 is not possible. Hence; dimedSt 18 ; m; nPb P 3.

Now by relating both acquired inequalities, end up with conclusion that

dimeodSt 10 ;m;nbpb % 3:

Lemma 3.7. Let the graph of starphene is St 18 ; m; nP with I; m; n P 2. Then the cardinality
of fault-tolerant edge metric resolving set of St 10 ; m; nb is 4.

Proof. Let Re;f V4 fa2l; a2l1; b20lpm1P; c20mpnlbg, from the vertex set of graph of starphne
St 10 ; m; nb, with cardinality four. Consider Re;f is one of the potential candidate for the role
of edge faulttolerant resolving set. The identifications of the complete set of edges in St 10 ;
m; nb with regard to the nodes in Re;f are provided below.
For f'4 1; 2;...; 201 p nP 3, the r a fafp1jRe;f, are following;
>8021 £ 2;21 1 £;20lpm 1P f;201pmP 1 {b;
S>S>SSSSSSS>1 1V, 1;2;...521 25
>0f 21p1;21 1 £;20m IPp1pf; 20l pmp 1 fb;
ra fafpljRe;f V4 ><>>>>>>>if £14 21 1;
>0f 21p 1;f 21;20m IPp 1 p f; 20m 1P b fb;
>>>>if £ V4 21,21 p 15...;201 pnb 3:
Forf¥% 1;2;...; 201 p mb 3, the r b fbfp1jRe;f, are following; Proof. Let Rm Y fal;
a20lpnl1Pb; b20lpm1bg, from the vertex set ofm
ff 8>>>021 f 1;21 f;201pmb f 3;201pm 1b fb; is one of the potential candidate
for the role of mixed resolvinggraph of starphne St 10 ; m; nb, with cardinality three.
Consider R

pl et <iff' 1;2;...;21 2; set. The identifications of the complete set of nodes in
St10 ; m; nb
rbb jR Ya>0fp210 1b; f 21p3;201pmP f 3;20lpm 1P fb; with regard to the
nodes in Rm are provided below.

>>1f £ 21 1;21;...;201 p mp 3: For f Y% 1; 2;...; 201 p n 1D, the r ad fjRmbP, are
following;

rad fjRmbP Y4 00ff 11;; 22001l pp nn 11P b ff;; 218pl pfPm; b 1 {b; ifif ff VaVa
12;1;22;1...p ;12;1...;12;01 p n 1P

For f'4 1; 2;...; 20m p nP 3, the r ¢ fcfp1jRe;f, are following;

802n f;2n f 1;20mpn 1b f;20m pnb f 3b;

fflef <>>>iff%1;2;...:2n 2;

rccpjR Ya of 2np3;f 2np2;20mpn 1P f;20m pnb f 3b;

Y. o A b g "
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>>>:if f ¥4 2n 1;2n;...;20m p nb 3:

For f'4 1; 3; 5;...; 21 1, the r a fbfjRe;f, are given below; r a fbfjRe;f Y4 021 f 1; 21 f; 201 p
m 1b f;201p mp f 1b:

For £ 21;21p 2; 21 p 4;...; 20l pn 1b,andj % 20l pnb 1 f, the

r a fcjjRe;f, are given below; r a fcjjRe;f %4 of 21p 1; £ 21;20m 1P p f; 20m 1P p f 1b:

For f%21;21p2;21p4;..;20lpm 1P, and j % 2n; 2np

2;...;20m p n 1P, the r b fcjjRe;f, are given below; r b fcjjRe;f Y4 0fp 2 18 1b; fp2 10 1b;
20lpm 1P f;20mpn 1b fb:

We can see that all the primary edges held unique identifications and met the idea of a edge
fault-tolerant resolving set by concluding that Re;f " 4, by looking at the identifications of
the whole group of edges of St 10 ; m; nb. h

Theorem 3.8. Let the graph of starphene is St 10 ; m; nP with I; m; n P 2. Then dime;f St 10
;m;nbb % 4:

Proof. To show that the graph of starphene St 10 ; m; nP has faulttolerant edge metric
dimension 4, we are implementing the method of double inequality and implied at dime;f dSt
10 ; m; nPP 4, which is already proven by the Lemma 3.7, it proved that there is a candidate
for the fault-tolerant edge metric resolving set with cardinality four, it is taken as Re;f 4
fa2ll; a2l; b20lpm1b; c20mpnlbg.

Now for dime;f St 10 ; m; nPP P 4, by contradiction we get dime;f 0St 10 ; m; nPP % 3, and
by referring the Theorem 1.10 and

Theorem 3.6 concluded that 3 fault-tolerant edge metric dimension of St 18 ; m; nb is not
possible. Hence; dime;f St 18 ; m; nPP P 4.

Now by relating both acquired inequalities, end up on the conclusion that

dime;f 0St 16 ;m;nbPP % 4:

Lemma 3.9. Let the graph of starphene is St 18 ; m; nP with I; m; n P 2. Then the cardinality
of mixed metric resolving set of St 10 ; m; nb 1s 3.

Forft¥%1;2;...; 201 p m 1b, the r bo fjRmbP, are following;

r bo fJRmbP %4 80ft;; 2200InpnlP b p 11 p ff;; 22001l pp mm 11P b ftbb;; ifif ff YaVa
12;1;22;1...p ;1251...;12;01 p m  1b:

For f' 1;2;...; 20m p n 1P, the r cd fjRmb, are following;

r cd fjRmP 4 802200n] pnmP b p11pfif;f;f;fPf;b;  ifif ff Ya¥4 21m;2;;2...m;p2m1;...1;;20m p
n 1b:

The above identifications are just the nodes identifications, to fulfill the definition of mixed
we need the identifications of entire line segment set as well, as we know that Re % Rm,
mean that the cardinalities of both edge metric and mixed metric resolving sets are same,
therefore, for the identifications of entire branches set we refer the Lemma 3.5.

We can see that all the primary edges and nodes as well held unique identifications and met
the idea of a mixed resolving set by concluding that jRmj " 3, by looking at the
identifications of the whole group of edges and nodes of St 10 ; m; np. h

Theorem 3.10. Let the graph of starphene is St 10 ; m; nP with I; m; n P 2. Then dimmdSt 10
;m;nbb % 3:
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Proof. To show that the graph of starphene St 18 ; m; nP has mixed metric dimension 3, by
implementing the method of double inequality, and referring the Lemma 3.9 in which one of
the candidate of mixed metric resolving set with cardinality 3 is given and it is taken as Rm %
fal; a20lpn1P; b2dlpm1bg.

Now we will prove that dimmdSt 18 ; m; nPP P 3. On contrary we can see that the starphene
is not a path graph (see Theorem 1.11) and using Theorem 1.12, it indicate that 2 mixed
metric dimension of St 18 ; m; nP is not possible. Hence; dimmoSt 16 ; m; nPb P 3.

Hence,

dimmoSt 16 ;m;nbpb %4 3:

Lemma 3.11. Let the graph of starphene is St 10 ; m; nb with I; m; n P 2. Then the cardinality
of partition resolving set of St 18 ; m; nb is 3.

Proof. Let Rp % fRpl; Rp2; Rp3g, where Rpl V4 falg; Rp2 Y4 fa2d8lpnlbg; Rp3 %4 V St10 0 ;
m; nbb n fal; a28lpn1bg, of the vertex set of graph of starphne St 10 ; m; nb, with cardinality
three. Consider Rp is one of the potential candidate for the role of partition resolving set. The
identifications of the complete set of nodes in St 10 ; m; nb with regard to the nodes in Rp are
provided below.

Table 1

Resolvability parameters of starphene St 10 ; m; nb.

dim St 10 0 ; m; nPP Y4 2 dimedSt 10 ; m; nPP %4 dimmdSt 18 ; m; nPP %4 pd St 10 d ; m; nPP
Y4 3 dimf 6St 10 ; m; nPP 4 dime;f 0St 10 ; m; nPpP % 4

For f'4 1; 2;...; 201 pn 1P, the r a fjRp, are following; ra fjRp ¥4 6f 1; 281 pn 1P f; zb:
Where z V4 10;; ifotherwisef %4 1; 20:1 pn 1b;.

For f'4 1; 2;...; 20l p m 1P, the r b fjRp, are following;

rb fjRp % 80ff;; 2200nl pnlb pP 11 p ff;; 00bb;;  ifif ff Y4V 211;;22;1...p ;12;1...;12;01 p m
1b:

Forft¥% 1;2;...; 20m p n 1P, the r ¢ fjRp, are following;

r ¢ fjRp ¥4 802200n] pnmbP b p11pf;f;f;f;0P0;b; ifif ff %% 21m;2;;2...m;p2ml;...1;;20m p
n 1b:

We can see that all the primary nodes as well held unique identifications and met the idea of a
partition resolving set by concluding that Rp Y4 3, by looking at the identifications of the
whole group of nodes of St 18 ; m; nb. h

Theorem 3.12. Let the graph of starphene is St 10 ; m; nP with I; m; n P 2. Then pd St 18 &
;m;nbb Y4 3:

Proof. To show that St 18 ; m; nP has the partition dimension which is 3. From Lemma 3.11
given above shows that there is a candidate of the partition resolving set with cardinality 3
and it is been taken as, Rp ¥4 fRpl; Rp2; Rp3g, where Rpl Y falg; Rp2 % fa20lpnlbg, and
Rp3 % V St 10 0 ; m; nbP n fal; a20lpnlbg. By using Lemma 3.11 and Theorem 1.11, it is
concluded that pd St 18 0 ;m;nbP 4 3:

4. Conclusion

This article examines the structure of the starphene St 10; m; nP in terms of various
resolvability parameters, particularly those that depend on a graph's metric. The first of these
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parameters is referred to as the metric dimension, and numerous generalizations are offered
before arriving at the mixed metric dimension. Additionally, the partition dimension is a
generalization of the original idea of resolvability parameters. Table 1 presents the conclusion
observations based on the research work conducted.
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