IJFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES

ISSN PRINT 2319 1775 Online 2320 7876
Research paper ~ © 2012 IJFANS. All Rights Reserved,

A Note on Existence of W-BoundedSolutionsfor Semi-
linearDifference Equations

T SrinivasaRao, > Ch. Vasavi,’G. Suresh Kumar,'G V Ramana Reddy

1234Department of Engineering Mathematics, College of Engineering,Koneru Lakshmaiah
Education Foundation,VVaddeswaram, Guntur, Andhra Pradesh, India.
Corresponding Email:'tagallamudi_me @kluniversity.in,?vasavi_css@kluniversity.in,
*drgsk006@Kluniversity.in,*qvrr1976 @Kkluniversity.in

DOI : 10.48047/1JFANS/V11/1SS8/334

Abstract—The main object ofthis paper is develop the if and only if conditions for existence of unique v —
bounded solution for non-linear semi difference equation y(n+1)=A(n)y(n)+B(n), by using the concept of
Banachcontractionprinciple on continuous function.
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1. Introduction

In this paper we develop the only if condition for existence of unique y- bounded solution for semi-linear
difference equation

Y(n+1)= Y (n)+a(n)+g(n,t)
(1.2)

where A eRvn,g €R x Rrand g(n, 0)=0,and a(n)
isanybounded,continuousfunction.HeregisacontinuousmatrixfunctiononR . The existence and unique of V-
bounded solutions for system of differential equations has been discussed by many authors [1-10] . From last
four decades onwards the existence of W-bounded solutions for system linear and nonlinear difference equations
is studied by different authors [11-17]. But, existence of W-bounded solutions for system of semi linear
difference was not yet studied. So, for that reason here we studied the develop of W-bounded solution for semi-
non linear difference system.

The concept of semi non-linear difference system plays very important rule in many areas like
mathematical modeling, control system, Numerical system, data science analysis, probability and stochastic
process.

2. PRELIMINARIES
Throught this paper, we Consider.

i) R™ as the Eucludian n-space Fory=(y = (y4,y, ——— —) €R"

i) Consider, |ly|l = max{y;, ¥, }, corresponding to y = (y;, ¥2,¥3,—— —— — ) €R"

iii) Consider the norm of a square matrix M =(mj) as ||M|| = ”yﬂ’;plllMyll

iv) Consider ¥;: R — (0,), fori = 1,2,3,4 be a function and take ¥ = diag(¥;,¥,,— — — —), then ¥(t) is

nonsingular matrix.Clearly, we got W(n) is nonsingular matrix function on R.

Definition (2.1): [10]: A mapping ¢: R — R"iscalled W-bounded on R if W is bounded on R.

We definethenorm||A||= sup|| Ax||.Itiswell-knownthat |A|= maxyn  |aij].
IIxlI=<1 1<i<n =1
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Definition (2.2.)[10]The fractional order sum operator of order n is defined as
t—1

V7u(t) = Z ((l +€ B 1)) vt—Dv(t—-1i)= zt: (t B it-l__li B 1) v(i)

i= i=

Similarly, the fractional order difference operator of order ¥ is defined as
t—1

o= (P03 (7 o (7 oo
0 0

i=
Throughout this paper we assume that, p€ R, 0<p<l1
Definition (2.3)[2]: Let g(t, n)be the function defined for t in positive integers, 0<n<co Then
Vo(t+1) = g(t,v(t)), withv(0) = 0, is taken as nonlinear difference equation with order 9
Definition (2.4)[3]: For the following fractional difference system
V(e + 1) = g(t,v(D)), withv(0) = 0

Lemma2.1 Consider X(n) is an nonsingular matrix on R and let Q be a projection If
@:R - (0,0)andconsidernonnegativeconstantNsatiesfies Y3 ¢(m)¥ (n)Y (n)QY 1 (n)¥ ~1(n), then a
constant M satisfies ¥ (n)X(n)Q| < Me~ 0™, further lim,_,.|¥(m)X(n)Q|<1

3. Main Result
Theorem3.1:

Assume the supplementary images Q.; and Q; and a nonnegative constant L satisfies
YYMXM)Q_ X )Y ()| + T Y (m)X(n)Q X 1 (t)| Y1 (t) < M. and assume that g(x, n) be a function
satiesfies [ () [g(n, t) — g(n, ]Il < BllY Oy — )|l for —co <t < oo, (PO < w, P(t) < .,

Now, if ¢c(n) is any bounded mapping satisfies |c| < ”(1;—"")

condition |[y(WIl < u
Proof: By using above lemma, the condition |¥ (n) X (n)Q_;t| is unbounded for n>0 and bounded for n<0
Hence the solution of (11) is unbounded on R.
Define By = {y: R — R:ysatiesfies¥ — unboundedandcontinuousonRsatiesfies||¥Px| <
tland |||l = supl|¥ (m)y@ll
Consider T be a function satisfies

, then x(t) is a unique bounded solution under the

Ty = ) 20 ' (Ofal®) + g(6.y©)} ~ ) Xy X (O{a® + g(t,y(©))
Take - ‘
1¥Ty Il =

|28 PMXMWQ-1 X OO {a®) +g(t,y®)I} -
LY XM X P T OF (O){a®) + gy} < o(1 — BL+LEIY MY < o
It gives TY (n) € dy and got T: dy — dy., it gives T is a contraction function,which stiesfies

t—1

1% (Ty =Tl = Z YXMW1 X (OP I OP (D) {al®) + gt x(t)}
0

- Z YOXMQ X MY Y (m){al®) + g(t,y(t))}H
t—1

TY(n) = X X(M)Q-1 X' (O){a(®) + g, t()}-Z7 X)X~ (O{a(®) + g(t, x(O)})
Now by taking ||¥TY (n)|| =
22 PMX(M)Q X' OP T (O (O){a®) + g(t,y(®)} = Z7 ¥ X () Q¥ T (O¥ (D{a®) + gt Y (D)} <
[Z" 1#(OXM)Q X' OP IO+ X [PXQ X O OIIY () {a®) + gty <
(1 = BL) +LAIY @Y (Ol = (1 — BL+LBIInll < T
This givesTY(n) € Cy and T: T: Cy = Cy
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Now our next aim about Contraction mapping T on By

Assume

¥ (Ty — Tx|l =

2 P(OXM)Q_1 X OP (®){al®) + g(t.y®O)}|| -

TR XM X T OP T OYOfa®), g(t,y®)} =% POXMLXTOY TP {a®) + g(t,x(1))}

t—1

- EW(n)X(N)Q_lx—l(t)w-l(n)+H POXMQUX OO w40y ©) - 96 x®)]|

< LBlly —x|lw

It follows that ||T, — T, || < lly — x|

Hence T satisfies contraction definition on Banach contraction principle , T gives one and only one fixed point on
R.

So, the semi linear difference system (1) has one and only one unique fixed point for ||Py|| <t

In other hand, if (1.1) is satisfied by y(n) under the condition ||¥ (y)|| < , x is ¥-bounded solution for the system
1.1.

Theorem3.2: If
There are supplementary projections Q-1 and Q1 ,non negative constant L satisfies

W )X(M)Q_ X' @P ()| < Lie Pt Dfort <n
[P XM X TP ()| < Le™*“yndern < ¢

Here L1, L2, a and B are nonnegative constants. The function g(n, y(n)) satisfies ||¥ () g(n, y(m)|| < 9||¥ (n)Y (n)||. Then the nonlinear
semi difference equation (1.1) has atleast one W-bounded solution on set of real numbers

Proof: By using Tychnoff fixed point theorem on continuous function, we prove this theorem
Aim (1): Take || (Ty.(m) = TY(M)|| =

n—1
Z PXMQ- XY IO {al®) + (6, (0}
0

n—1

- Z PM)X (M) X (OP(O){al®) + g6y, (O}
n—1

=Y XX OF T OO {a® + 6(6y©))
0

<Lip ) e DO = YOl + L ) e P DO = YOl Buty, ©
n—1 n—1
- y(t),itgivesthatTy, (t) = y(t)
Aim(2): Assume TG is bounded uniformly
Take [PTy( < L5 e F O INPOIP@a() + g6 y©O)L, 5 eI |rm{a® +g(6yO)]| < po (2+7) <p
From above discussion it follows that Ty(n) is a solution for nonlinear semi difference equation and it is bounded
So non-linear semi difference equation has W-bounded solution which is unique.

.Now for system (1.1) fixed point exists

Reversely, assume that ,ifu(t) satiesfies(1.1)under the condition|| f x||< ptheny = x — Txisa f
—satiesfies(1.2),thereforey=0.

Theorem 3.3: Let B be a banach space and P be bounded closed and convex subset of B , then the operator.,
satisfies following hypothesis

L1: The mapping s to g(n, y, X) satisfies measurable property on | for y, x in banach space and the mappings y
to g(n, y,x) and x to g(n,y,x) are continuous on banach space for almost everywhere

L2: There exists mappings g: Z to Positive real numbers
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q(n)

Teptyl for almost everywhere , then solution of (1) is attractive locally

satiesfies|g(n, y, x| <

Proof: For any y in Banach space B, derive the operator

. . — dq nP n.p—1 nf— f®
T satiesfies (ty)n —I'(ﬂ)( )Z ( P )F(ﬂ)

Clearly, the function A(y) is continuous on set of integars for any y in Banach space satisfies

nf—p? g, (mP-t\YB g (=BT (p))
( P ) (Ay)(")|_r(ﬁ) P ) Znt ( P ) r®

- 1-
< 'r‘z;;') +( _ “) (o)

p

Proof:
(=) @y - (22| <

Let {y,} be a sequence such that y,, — y in banach space. Then, for every nin I, we got

ap \17F
(r?))
B -1
(@B o gn—1 (P —tP\P
A G LA -
< EBge et (0 g0

P

(np; tp)p_1 @y ® - ((n — 1: — tp)p < Fzﬁ)i y ("p; tp)n_lp(t)

we got [|A(x) — yoll < 2p

Moreover, if y is solution of IVP

(sp_tp)l—ﬂ

ly(n) —yo(n)| < ﬁConsequently, allsolutionsof(1)arelocallycompact

a

Theorem 3.4: The homogeneous linear non autonomous difference equation with order B is obtained by
VEBv(n + 1) = c(mn)v(n) + a(n)with initial condition v(0) = v, with the corresponding
nonhomogeneous equation is given by VAv(n + 1) = b(t)v(n) + a(n), with initial condition v(0) =
Vo

Proof: Now here we find the solutions for the above system -1

n-1 n-1 n
v(n) = v(0) 2[1 +bA(n - 1,b;D)] + az At - 1,8 i)Z[l +A(n—1,B;1)b]
0 0 0

n-1 n—1

= (0) 2[1 +bp(m—1,B,)] +

0

n—-1
= [v(0) +%]20:[1 tadm-1,60-1]-3

[1+bA(t—-1,6; i)]l

0

Hence the proof.

Results: In this paper, we developed the conditions for existence of solutions for semi-linear difference
equations under certain conditions..these results plays important role for developing the existence and
uniqueness of y-bounded solutions for non-linear semi difference equations.

Conclusions: The semi-Linear difference equations plays very important role in more fieds like
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Data structures, probability and stochastic process and dynamical systems. So, for that reason
here we developed the conditions for existence the solution of nonlinear difference system. This
work will be helpful for developing the existence of wy-bounded solution for semi-linear
difference system.
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