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ABSTRACT: 

For a connected graph G of order n ≥ 2, a connected geo chromatic set S𝑐𝑔 in a connected graph G is 

called a minimal connected geo chromatic set if no proper subset of S𝑐𝑔 is a connected geo chromatic 

set of G. The minimal connected geo chromatic number χ𝑐𝑔
+ (G) is the maximum cardinality of a 

minimum connected geo chromatic set of G. We determined the minimum connected geo chromatic 

number of certain standard graphs and bounds of the minimum connected geo chromatic number is 

proved. It is shown that for positive integers x, y and z such that 2 ≤ x < y ≤ z, there exists a connected 

graph G such that 𝑔(G) = x, χ𝑐𝑔(G) = y and     χ𝑐𝑔
+ (G)= z . 
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1.INTRODUCTION 

 

Let G = (V, E) be a finite undirected connected graph without multiple edges or loops. The order 

and size of G are denoted by n and m respectively. For basic graph theoretic terminology we refer to 

Harary [8]. For vertices p and q in a connected graph G, the distance d(p, q) is the length of a 

shortest p − q path in G. A p − q path of length d(p, q) is called a p−q geodesic. A vertex x is said 

to lie on a p−q geodesic p ′, if x is a vertex of p ′, including the vertices of p and q. The 

neighborhood of a vertex x is the set N(x) consisting of all vertices y which are adjacent with x. A 

vertex x is an extreme vertex of G if the subgraph induced by its neighbors is complete. The closed 

interval I [p, q] consists of all vertices lying on some p − q geodesic of G, while for S ⊆ V, I[S] = 

∪p,q ∈S I[p, q]. If I[S] = V, then a set S of vertices is a geodetic set and the minimum cardinality of 

a geodetic set is the geodetic number 𝑔(G). A geodetic number of a graph was introduced in [3,5] 

and further studied in [7,9].A connected geodetic set of G is a geodetic set S′ such that the subgraph 

G [S′] induced by S ′ is Minimal Connected Geo Chromatic Number of a Graph 

Definition 2.1. A connected geo chromatic set 𝑆𝑐𝑔 in a connected graph G is called a minimal 

connected geo chromatic set if no proper subset of 𝑆𝑐𝑔 is a connected geo chromatic set of G. The 

minimal connected geo chromatic number χ𝑐𝑔
+ (G) is the maximum cardinality of a minimum 

connected geo chromatic set of G. 

Example 2.2. For the graph G given in Figure (a), 𝑆𝑐𝑔1= {𝑎2,𝑎4,𝑎5, 𝑎6}, 𝑆𝑐𝑔2= {𝑎1,𝑎2, 𝑎4, 𝑎5}, 

 𝑆𝑐𝑔3= {𝑎1,𝑎2, 𝑎4, 𝑎6}, 𝑆𝑐𝑔4= {𝑎2,𝑎3, 𝑎4, 𝑎5}, 𝑆𝑐𝑔5={𝑎2,𝑎3, 𝑎4, 𝑎6} are the minimum connected     
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geo chromatic set of G so that χ𝑐𝑔(G)=4. The set S𝑐𝑔
+ = {𝑎1,𝑎3,𝑎4,𝑎5,𝑎6} is also a connected  

geo chromatic set of G . Hence χ𝑐𝑔
+ (G) = 5. 

 Remark 2.3. Every minimum connected geo chromatic set of  G is a minimal connected geo  

chromatic set of G. The converse is not true. For the graph G given Figure 1,  S𝑐𝑔
+ = {𝑎1,𝑎3,𝑎4,𝑎5,𝑎6} 

is a minimal connected geo chromatic set but not a minimum  connected. 

3. Minimal Connected Geo Chromatic Number of Some Standard Graphs  

Theorem 3.1. 

For a connected graph 𝐶𝑛, χ𝑐𝑔
+ (𝐶𝑛)=k. Proof. Let V (Pk) = h1, h2, . . . , hk  be the vertex set of Pk. 

Let us consider two cases. 

Case 1. Suppose that k is even. Then S = h1, hk is the minimum geodetic set of Pk and so g(Pk) 

= 2. Define a coloring of Pk such that the vertices h1, h3, . . . , hk−3, hk−1 receive color 1 and the 

vertices h2, h4, . . . , hk−2, hk receive color 2. It is easily seen that S is a chromatic set of Pk. 

Therefore S = {h1, hk} is also the minimum geo chromatic set Sc of Pk and so χgc(Pk) = 2. 

Clearly, the induced subgraph < Sc > is not connected so that Sc not a connected geo chromatic 

set of Pk. If at least one hi ∈/ Sc  (2 ≤ i ≤ k − 1), then the subgraph induced by Sc is not connected 

so that χcg(Pk) < k is not possible. Hence χcg(Pk) = k and it follows that χcg
+(Pk) = k. 

Case 2. Suppose that k is odd.  Then the set S = {h1, hk} is the unique minimum geodetic     set of 

Pk so that g(Pk) = 2. Define a coloring of Pk such that the vertices h2, h4, . . . , hk−2, hk receive 

color 1 and the    

vertices h1, h3, . . . , hk−3, hk−1 receive color 2. Let the vertices which receive color 1 and color 2 

belong to the  

color classes, namely C and D. No vertex from color class D belongs to S so that the minimum 

geodetic set S is not a chromatic set of Pk. To obtain S as a geo chromatic set Sc , choose at least one 

vertex from color  

 class D.  Let hk−1 ∈ D. If  hk−1 ∈S, then S  becomes Sc =S∪{ hk−1  }, which is a chromatic set of Pk 

Therefore, Sc =S∪{ hk−1  } is a geo chromatic set of Pk and  χcg(Pk)=3.  By an argument exactly 

similar to the one given in Case 1, it can be proved that χcg(Pk) = k and it follows that  χcg
+(Pk) = 

k. Example 3.2: For the path P6 given in Figure 1, the vertex set {1,6} is a minimum geo chromatic 

set Sc of G and so χgc(P6) = 2. It is clear that <  Sc  > is not connected.  If the vertices 2, 3, 4, 

5 ∈ Sc, then < Sc > is connected and so χcg(P6) = 6. It is clear that Sc is the unique minimal geo 

chromatic set of maximum cardinality so that χcg
+(P6) = 6. 

 
 

Example 2.3: For the path P7 given in Figure 2, the vertex set {1,6,7} is a minimum geo chromatic 

set Sc of G and so χgc(P7) = 3. It is clear that <  Sc  > is not connected.  If the vertices 2, 3, 4, 
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5 ∈ Sc, then < Sc > is connected and so χcg(P7) = 7. It is clear that Sc is the unique minimal geo 

chromatic set of maximum cardinality so that χcg
+(P7) = 7. 

Theorem 2.4: For a connected graph Kk, χcg
+(Kk) = k. 

Proof.  Each vertex of Kk receive distinct colors and so each vertex of Kk belong to a geo 

chromatic set Sc of G. It is clear that the induced subgraph < Sc > is connected. Therefore 

χcg(Kk) = k and it follows that χcg
+(Kk) = k. 

 

CONCLUSION 

In this paper, the minimal connected geo chromatic number χcg
+(G) of some standard graphs has 

been discussed. Future works can be carried out on obtaining the minimal connected geo chromatic 

number χcg
+(G) with some graph parameters 
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