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Abstract

In this paper, we introduce and investigate the total face edge sum divisor cordial labeling of fan graph
with n vertices, wheel graph, gear graph and closed helm graph.
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Introduction

We begin with simple, finite, planar, undirected graph. A (p,q) planar graph G means a graph G = (V,E),
where V is the set of vertices with |V| = p, E is the set of edges with |E| = q and F is the set of interior faces
of G with |F| = number of interior faces of G. For standard terminology and notations related to graph
theory we refer to Harary [3]. For graph labeling we refer to Gallian [2]. In [1], Cahit introduced the
concept of cordial labeling of graph. In [10], Yilmaz et al introduced the concept of E-cordial labeling of
graph. Varatharajan et al.[7] introduced the concept of divisor cordial labeling of graphs. The concept of
sum divisor cordial labeling was introduced by Lourdusamy et al.[5S]. Lawrence et al introduced the
concept of face edge product cordial labeling of graph in [4]. Mohamed Sheriff et al. introduced the
concept of face sum divisor cordial labeling of graph in [6]. In [8], Vijayalakshmi et al. introduced the
concept of edge sum divisor cordial labeling of graph. In [9], Vijayalakshmi et al. introduced the concept
of face edge sum divisor cordial labeling of graph. The present work is focused on some new families of
total face edge sum divisor cordial labeling of fan graph with n vertices, wheel graph, gear graph and
closed helm graph.

Definition 1.1 Let a and b be two integers. If a divides b means that there is a positive integer k such that b
= ka. It is denoted by a|b. If a does not divide b, then we denote at b.

Definition 1.2 Let G = (V(G),E(G)) with p vertices and q edges and f : E(G) — {0,1}. Define f* on V(G)
by f*(v) = Z{f(uv)/uveE(G)}(mod2). The function f is called an E-cordial labeling of G if the number of
vertices labeled 0 and the number of vertices labeled 1 differs by at most 1 and the number of edges
labeled 0 and the number of edges labeled 1 differs by at most 1. A graph that admits E-cordial labeling is
called E-cordial.

Definition 1.3 Let G = (V(G), E(G)) be a simple graph and f : V(G)—{1,2,...,|V(G)|} be a bijection. For
each edge uv, assign the label 1 if f(u)|f(v) or f(v)|f(u) and the label O otherwise. The function f is called a
divisor cordial labeling if |e(0)—e(1)| < 1. A graph with a divisor cordial labeling is called a divisor cordial
graph.

Definition 1.4 Let G = (V(G), E(G)) be a simple graph and f : V(G)—>{1,2,..., [V(G)|} be a bijection. For
each edge uv, assign the label 1 if 2|(f(u)+f(v)) and the label 0 otherwise. The function f is called a sum
divisor cordial labeling if |e{0) — ef(1)] < 1. A graph which admits a sum divisor cordial labeling is called a
sum divisor cordial graph.

Definition 1.5 Let G = (V(G),E(G)) be a simple graph and f : E(G) — {1,2,...,JE(G)|} be a bijection. For
each vertex v, assign the label 1 if 2 | f(a;)+f(ay)+...+f(as) and the label 0 otherwise where a;,a,,...,a, are
edges incident with the vertex v. The function f is called a edge sum divisor cordial labeling if the number
of vertices labeled with 0 and the number of vertices labeled with 1 differ by at most 1. A graph which
admits an edge sum divisor cordial labeling is called an edge sum divisor cordial graph.

Definition 1.6 A face sum divisor cordial labeling of a graph G with vertex set V is a bijection f from V(G)
to {1,2,..., [V(G)|} such that an edge uv is assigned the label 1 if 2 divides f(u)+f(v) and O otherwise and
for face f is assigned the label 1 if 2 divides f(u;)+f(u;)+...+ f(uy) and O otherwise, where uy,u,,...,u, are
vertices corresponding to the face. Also the number of edges labeled with O and the number of edges
labeled with 1 differ by at most 1 and the number of faces labeled with 0 and the number of faces labeled
with 1 differ by at most 1. A graph which admits a face sum divisor cordial labeling is called a face sum
divisor cordial graph.
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Definition 1.7 A face edge sum divisor cordial labeling of a graph G with edge set E is a bijection f from
E(G) to {1,2,..., [E(G)|} such that a vertex v is assigned the label 1 if 2 divides f(a,)+f(ay)+...+f(as) and 0
otherwise where a,,a,,...,a; are edges incident with the vertex v and for face f is assigned the label 1 if 2
divides f(b)+f(by)+...+f(b,) and 0 otherwise, where by,b,,...,b, are edges corresponding to the face f. Also
the number of vertices labeled with 0 and the number of vertices labeled with 1 differ by at most 1 and the
number of faces labeled with 0 and the number of faces labeled with 1 differ by at most 1. A graph which
admits a face edge sum divisor cordial labeling is called a face edge sum divisor cordial graph.
Definition 1.8 A total face edge sum divisor cordial labeling of a graph G with edge set E is a bijection g
from E(G) to {1,2,..., |[E(G)|} such that a vertex v is assigned the label 1 if 2 divides f(a,)+f(ay)+...+f(a;)
and 0 otherwise where a;,a,,...,a as are edges incident with the vertex v and for face f is assigned the label
1 if 2 divides f(b,)+f(by)+...+f(b;) and 0 otherwise, where by,b,,...,b; are edges corresponding to the face f.
Also the number of vertices and faces labeled with 0 and the number of vertices and faces labeled with 1
differ by at most 1. A graph which admits a total face edge sum divisor cordial labeling is called a total
face edge sum divisor cordial graph.
MAIN RESULTS
Theorem 1.1 The fan graph with n vertices is a total face edge sum divisor cordial graph for n > 2.
Proof. Let v,vy,...,vy, vy be vertices, e4,e,,...,€2, 1 be edges and f, f, ..., f;, | interior faces of fan graph with n
vertices, where e; = v;v;, for 1 = 1,2,....n—1, eyi.1 = Vpvi for i = 1,2,....n and f; = v;vy, Vi v; for i =
1,2,...,n—1.
Let G be the fan graph with n vertices.

Then [V(G)| = n+1, |E(G)| = 2n—1 and |F(G)| = n—1.
Define f: E(G) — {1,2,..., |[E(G)|} as follows.
For n = 1(mod 4)

f(e;)) =1, for 1 £1<2n-3

f(eano) = 2n-1

f(ezn 1) = 2n-2
Then induced vertex labels are

n+1

f*(VZi—l) = 1, for1<i<

2
.. n-3
f*(vy) =0, for 1 <i<

[\

f(vpo) =1
(V) =0
Also the induced face labels are

n-3

() =1,for1 <i<

—_ DN

n-—

f#(fy) = 0, for 1 <i< >

¥ (fh2) =0
In view of the above defined labeling pattern we have
n+3 n-1 n+1 n-3
v(l) =

5y vi(0) = o 2(0) = 5 and fy(1) = 5
Thus (vo(0)+£5(0)) = (ve(1)+fs(1)) =n.
Then | (v4(0)+£(0)) — (vo(1)+f(1)) | < 1.
For n =2(mod 4)
fe) =1, for1 <i<2n-1
Then induced vertex labels are

n
f*(VZi—l) = 0, for1 <i< 5
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fr(vy) = 1, for 1 i < %
f*(Vn+l) =0

Also the induced face labels are

n
**(f ) =1,for1 <i< 5

n
f*#(fy) =0, for 1 <1<

In view of the above defined labeling pattern we have
0 n+2 n=D ¢ ndfO n—2
v(0) = > ,Vf()—z,g()—2an 2(0) = ,
Thus (vg(0)+£(0)) = (vg(1)+f,(1)) = n.
Then | (vy(0)+£,(0)) — (vo(1)+fo(1)) | < 1.
For n = 3(mod 4)
f(e;)) =1, for 1 £1<2n-1
Then induced vertex labels are
n—1

f*(vyi) =1, for1 <i<

—_ N

n_

2

f(vay) = 0, for 1 <i <

f*(vy) =0
(V1) = 1
Also the induced face labels are

o n-—1
f**(f2i—1) = 1, for1<i<

—_ N

n —
f5(fy) = 0, for 1 <i<

In view of the above defined labeling pattern we have
n+l n-1
vi(1) = v(0) =

and f,(0) = fy(1) = T .
Thus (v4(0)+£,(0)) = (vo(1)+f4(1)) = n.
Then | (vo(0)+£(0)) — (vo(1)+f(1)) | < 1.
For n = 0(mod 4)
f(e;) =2i—1,for 1 <i<n-1
flen14i) =21, for 1 <1< n-1
f(ezn1) =2n-1
Then induced vertex labels are

f(vi) =0
f*(vi)=1,for2<i<n
(V1) =0

Also the induced face labels are
f**(f) =0, for 1 <i<n-2
f(f) = 1

In view of the above defined labeling pattern we have
vi(0) =2, v(1) = n—1, f,(1) = 1, £,(0) = n-2.
Thus (vg(0)+£5(0)) = (ve(1)+f,(1)) =n.

172|Page

International Journal of

S Mistrationm Scientists



IJFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES
ISSN PRINT 2319 1775 Online 2320 7876,
Research paper © 2012 IJFANS. All Rights Reserved,
Then | (vo(0)+£,(0)) — (vo(1)+fo(1)) | < 1.

Thus fan graph with n vertices is total face edge sum divisor cordial graph for n>2.

Ilustration 1.1 The fan graph with 6 vertices and its total face edge sum divisor cordial labeling is shown
in figure 1.1.

Figure 1.1
Theorem 1.2 The Wheel W, is a total face edge sum divisor cordial graph for n > 3.
Proof. Let vo,vi,va,...,v, be vertices, ey,e»,...,6x, be edges and {1, 15, ..., f, interior faces of W, where e; = v;viy;
fori=1,2,...n—1,e,=v,vy, €ni = Vovifori=1,2,....n, f; = vyvovi,vi fori=1,2,....,n—1 and f, = v,vovv,.
Let G be the graph W,,.
Then |[V(G)| = =2n and [F(G)| = n.
Define f: E(G) — {1,2,..., |E(G)|} as follows.
For n = 1(mod 4)
f(e) =1,for 1 <i<2n
Then induced vertex labels are

*(vog) =1
(v =1
. n-1
f*(vy) =1,for1 <i<
2
n+1

f*(vy_1) =0, for2 <i<

Also the induced face labels are

- n-—1
f**(fZi—l) = 1, for1<i<
2

. n-—1
f+*(f5) =0, for 1 <i< >
() =0

In view of the above defined labeling pattern we have
n+3 n-1 n+1 n—1

vi(l) = , vi(0) = 2 , 1,(0) = and fy(1) = 7

Thus (v4(0)+£5(0)) = n and (v(1)+f,(1)) = n+1.
Then | (vo(0)+£5(0)) — (vo(1)+fe(1)) | < 1.

For n =2(mod 4)
f(e;) =1, for 1 <i<2n

Then induced vertex labels are

*(vo) =0
.. n
f¥(vy)=1,for1 <i< —
2
.. n
f*(vy) =0, for1 <i< 5

Also the induced face labels are
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n
**(f ) =1,for1 <i< 5

n
f#(fy) = 0, for 1 <i< 5

In view of the above defined labeling pattern we have
n+2
v(0) =

Thus (v4(0)+£,(0)) = n+1 and (v4(1)+f,(1)) = n.
Then | (vo(0)+£4(0)) — (vo(1)+f,(1)) | < 1.
For n =3(mod 4)
f(e)=1,for 1 <i<2n
Then induced vertex labels are
f*(vo) =0
v =1

D=2 ty=2 and£,0) =2
,V = —, = — =—.
27 ¢ 2 )

n-1
2

f*(vy) =1,for 1 <i<

. n-+
f*(vy.1) =0, for2 <i<

Also the induced face labels are

. n-—1
f**(fZi—l) = 1, for1<i<
2

. _n-1
f*¥*(fy) =0,for 1 <i< >
fe(fy) =0

In view of the above defined labeling pattern we have
n+1 n+1 n+1 n—1

vi(l) = , vi(0) = T fo(0) = > and f,(1) = >

Thus (v(0)+£5(0)) = n+1 and (v(1)+f,(1)) =n.
Then | (vy(0)+£4(0)) — (vo(1)+fe(1)) | < 1.
For n = 0(mod 4)
f(e)=1,for 1 <i<2n
Then induced vertex labels are
f*(vo) =1

n
f*(VZi—l) = 1, for1 <i< 5

=

f*(vy)=0,for1 <i< E

Also the induced face labels are
n
f(fy ) =1, for | <i< —
2
. n
f**(fy) =0, for 1 <1< —

In view of the above defined labeling pattern we have

vi0) = — Vf(l)_j f(l) and f,(0) =—
) _2 £ _2

Thus (vg(0)+fg(0)) = nand (vg(1)+f(1)) = n+1.
Then | (vo(0)+£,(0)) — (ve(1)+fo(1)) | < 1.
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Thus W, is total face edge sum divisor cordial graph for n > 2.

Ilustration 1.2 The Wheel graph W5 and its total face edge sum divisor cordial labeling is shown in figure
1.2.

Figure 1.2
Theorem 1.3 The gear graph G, is a total face edge sum divisor cordial graph for n > 3.
Proof. Let vy,vy,vy,...,V2, be vertices, €1,€,,...,€3, be edges and {1, f, ..., f;, interior faces of W,,, where e; = v;viy;
fori= 1,2,. . .,2n—1, €on = VonVi, €on+i = VoV2iel fori= 1,2,. S 0 fi = VoV2i-1V2iV2i+1Vo fori= 1,2,. . .,n—l and fn
= VoV2n-1V2nV1Vo-
Let G be the graph W,.. Then [V(G)| = 2n+1, [E(G)| = 3n and |F(G)| = n.

Define f: E(G) — {1,2,..., |E(G)|} as follows.
For n = 0(mod 4)

f(e)=1,for 1 <i<3n
Then induced vertex labels are

fH(vo) =1

f*(vy)=0,for1 <i<n

f*(V1+4(i,1)) = 1, for1 <i<

f*(V3+4(i,1)) = 0, for1<i<

(CHE=NN ORI

Also the induced face labels are
f**() =1,for1 <i<n
In view of the above defined labeling pattern we have

n 3n
vi(l) = 5 1, v(0) = > f,(0) =0 and fy(1) = n.

3n 3n
Thus (vy(0)+£4(0)) = > and (vo(1)+f(1)) = ?+1.

Then | (vo(0)+£5(0)) — (vo(1)+fe(1)) | < 1.
For n =2(mod 4)

f(e)=1,for1 <i<3n
Then induced vertex labels are

f*(vg) =0

f*(vy)=0,for1 <i<n

f*(V1+4(i,1)) = 1, for1<i<

f*(V3+4(i_1)) = 0, for1<i<

(CHE=N SRR

Also the induced face labels are
f**(f)=1,for1 <i<n
In view of the above defined labeling pattern we have

n 3n
vi(l) = 5 vi(0) = E) +1, f,(0) =0 and f(1) = n.
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3n 3n
Thus (vg(0)+fg(0)) = ? +1 and (ve( 1)+fg(1)) = 7 .

Then | (vo(0)+£4(0)) — (vo(1)+fe(1)) | < 1.
For n =3(mod 4)

f(e) =1,for 1 <i<3n
Then induced vertex labels are

f*(vo) =1

f*(vy)=0,for1 <i<n

. n+1
f*(V1+4(i,1)) = 1, for1<i< 2
- n-—1
f*(V3+4(1,1)) = 0, for1<i< 2
Also the induced face labels are
f**(f)=1,for 1 <i<n-1
5t =0
In view of the above defined labeling pattern we have
n+3 3n-1
vi(l) = ,vi(0) = ——, £,(0) = 1 and f,(1) = n-1.
2 2
3n+1
Thus (v(0)+£,(0)) = (vo(1)+fy(1)) = T

Then | (v4(0)+£5(0)) — (vo(1)+f(1)) | < 1.
For n = 1(mod 4)

f(e) =1, for 1 <i<2n-1

f(ey,) = 2n+1

f(eans1) = 2n

f(e;) =1, for 2n+2 <i<3n
Then induced vertex labels are

f(vo) =1
f*(vy) =0, for 1 <i<n-1
f*(VZn) =1
. o n+l1
f*(V1+4(i,1)) = 1, for1<i< 2
. . n-—1
f*(V3+4(i,1)) = 0, for1 <i< 2
Also the induced face labels are
f*(f) =0
f**(f)=1,for2<i<n-1
f*(f) =0
In view of the above defined labeling pattern we have
n+>5 3n-3
vi(l) = 5y vi(0) = T, fo(0) = 2 and fy(1) = n-2.
3n+1
Thus (v4(0)+£,(0)) = (ve(1)+f,(1)) = >

Then | (vo(0)+£(0)) — (vo(1)+f(1)) | < 1.
Thus G, is total face edge sum divisor cordial graph for n > 2.
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Ilustration 1.3 The gear graph Gg and its total face edge sum divisor cordial labeling is shown in figure
1.3.

Figure 1.3
Theorem 1.4 The Closed Helm CH,, is a total face edge sum divisor cordial graph forn > 3.
Proof. Let vy,vy,v,,...,vo, be vertices, ey,es,....eq, be edges and f|, f,, ..., f5, interior faces of CH,, where e; =
vovifori=1,2,...,n, ey = Vivig fori=1,2,...,n—1, €, = VpVy, €onyi = ViV fOor i1 =1,2,....1, €3n4i = VneiViriel
fori=1,2,....n—1, €4, = VouVos1, fi = Vivovigvi fori=1,2,....n—1, £, = v,VoV 1 Vp, fosi = ViVaeiVosie1 Vi1 Vi fori =
1,2,...,n—1 and f5, = v,V Vue1ViVi.
Let G be the graph CH,,. Then |V(G)| = 2n+1, |[E(G)| = 4n and [F(G)| = 2n.

Define f: E(G) — {1,2,..., |E(G)|} as follows.

f(e)) =2i—1,for1 <i<n

fleni) =2i,for1 <i<n

f(eonsi) =2n+2i, for 1 <1<n

f(esnsi) = 2n+2i—1, for 1 <i<n
Then induced vertex labels are

f*(vp) = 1, if n is odd

f*(vg) =0, if n is even

f*(vp)=1,for1 <i<n

f*(vp) =0, for 1 <i<n
Also the induced face labels are

f**(f)=1,for 1 <i<n

f**(f,;)=0,for1 <i<n
In view of the above defined labeling pattern we have
vi(1) =n, v{(0) = n+1, £,(0) = n and f,(1) = n, when n is odd

Thus (v(0)+£,(0)) = n+1 and (v(1)+f,(1)) =n.

Then | (vo(0)+£5(0)) — (vo(1)+fe(1)) | < 1.
vi(1) = n+1, v(0) = n, f4(0) = n and fy(1) = n, when n is odd

Thus (v4(0)+£4(0)) = n and (ve(1)+f,(1)) = n+1.

Then | (vo(0)+£(0)) — (vo(1)+f(1)) | < 1.

Thus CH, is total face edge sum divisor cordial graph for n > 2.

Ilustration 1.4 The Closed Helm CH, and its total face edge sum divisor cordial labeling is shown in
figure 1.4.
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Figure 1.4
Conclusion

In this paper, we introduced total face edge sum divisor cordial labeling of graph and investigated the total
face edge sum divisor cordial labeling of fan graph with n vertices, wheel graph, gear graph and closed
helm graph.
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