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Abstract:

It is widely known that decentered parameter dependent Initial beam radius plays an
important role in propagation characteristics of Hermite cosh Gaus-sian (HChG) mode laser
beams in collisionless magnetized plasma by considering ponderomotive nonlinearity. The
standard parabolic equation approach under WKB and paraxial approximation is utilized to
investigate propagation char-acteristics of HChG laser beams in collisionless magnetised plasma.
The main thrust of present paper lies on analytical investigation of numerical interval and turning
points of decentered parameter dependent Initial beam radius which governs self-focusing and
defocusing of HChG laser beams. Eventually results are discussed in the light of numerical
intervals and turning points of initialbeam radius.

Keywords: Self-focusing, Hermite cosh-Gaussian beam, decentered parameter,
magnetized plasma, initial beam radius.
Introduction:

The interaction of laser radiations with plasma gives various nonlinear phe- nomena such as,
self-phase modulation, self-focusing, harmonic generation etc. [1-3]. Investigation of these
nonlinear phenomena has been a subject of exper- imental and theoretical research due to their
vast applications in laser driven fusion [4], laser based electron accelerators [5,6], X-ray lasers
[7], fast ignition for inertial confinement fusion (ICF) [8]. For these applications it is
necessaryto propagate the laser beam without any divergence and by maintaining a good plasma
interaction.

The self- focusing is a genuinely nonlinear phenomenon caused by nonlin-ear response of
material medium prompting its reformed refractive index. Inthe laser-plasma-interaction, the
self-focusing concerning the laser beams [9-11] has been the focal point of consideration as it
influences some other nonlinear phenomena. Theoretical and experimental investigations on
propagation char- acteristics of different laser beam profiles such as Gaussian [12], cosh-
Gaussian (ChG) [13,14], Hermite cosh-Gaussian (HChG) [15,16], elliptical Gaussian [17], and
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hollow Gaussian beams [18] have been reported in recent years.

Theoretical researchers have recently focused their attention on the parax- ial wave family of
laser beams. The HChG beam is one of the solutions tothe paraxial wave equation, and it is
created in the lab by superimposing two decentered HChG beams as Cosh-Gaussian ones [19].
Under Wentzel-Kramers- Brillouin (WKB) and paraxial approximations, the present theoretical
analysis uses a parabolic equation technique. According to a review of the literature, the
decentered parameter[20,21] and the initial beam radius [14, 22, 23] are impor- tant factors in the
self-focusing phenomena. However, in present paper we have emphasized analytically to set the
numerical interval of decentered parameter dependent initial minimum beam radius for various
nonlinear phenomena such as self-focusing, self-trapping, and defocusing. We have explored the
effect of intersecting points initial minimum beam radius on self-focusing and defocusing of
HChG laser beam.

This paper is organised in the following way: Section. 2 gives the beam width parameter
differential equation of the HChG laser beam propagating through a collisionless magnetized
plasma for mode indices values m = 0, 2, and 4. In section 3, analytical investigation is
graphically discussed in detail. In section4, a brief conclusion is included.

2. Theoretical Framework

Let us consider the propagation of HChG laser beam through a collisionless magnetized
plasma along the z direction along which static magnetic field By is applied. The electric field
of the laser beam propagating in either modes i.e.in E and O modes can be written as [24],

E. = XEo:(r, 2)exp[—i(wt —k.Z)] (1

where is ki%«/&_r the propagation constant of the wave where e, is the effective dielectric

constant of magnetized plasrﬁa, w is frequency of laser used

and c is the speed of light in vacuum.

e+ = g0+ + p(ELE") (2)

where &p. and ¢.(E.E* ) are the linear and nonlinear parts of the dielectric constant of

collisionless magnetized plasma and can be expressed as,

2
Wp

fox = 17 w(wtwe) @)
2
9+ (E<EL) = st 1 - exp(-aBLED)] (@)

Here, w, = (4zNpe’/m)"? is the plasma frequency and w. = eBg/mc is
cyclotron frequency.
e and m are the electronic charge and its rest mass respectively.
In the light of Maxwells elctrodynamic equations, the general form of wave equation

governing the propagation of laser beam is given as,
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Where, §, = —(1 F 80*) and gp,, =1 — -2

€0zz w?
The electric field E. given by Eqg. (1) satisfies Eq.(5). In circular cylindrical coordinate
system, under slowly varying envelope approximation, the evolution of electric field envelope in

collisionless magnetized plasma can be expressed as, —

2
Z9+(E+E1) =0 (6)

In WKB approximation one can neglect 6°E./8z% in Eq. (5). The complex amplitude of

6E+

0%E 10E
—21k+ L +)

+04 (55415
electric vector may be expressed as,

Eox(r, 2) = Ax(r, 2)exp[—ik(2)S:(r, 7)] ()

where, A.(r, z) and S.(r, z) are real functions of r and z . S. is known as eikonal of the beam.
Substituting above equation in Eg. (6) and separating real and imaginary parts of resulting
equations one obtains,

2(2) 40, (L) 4 Bl m B (PAey 10 10 () (@)

ki aZi kiAi r or

843 [ 6A+
T or

2 2
+5+A2 (6 Si_l_lai){_'q_iaﬁzo 9)

or?2  r or ky 0z
Following approach given by Akhmanov et.al. [25] and developed by Sodha et.al. [26],

the solution of Egs. (8) and (9) for HChG laser beam can be written as

A2 = exp [—2 (f:ro + g)z] + [—2 (f;o - g)z] + 21 [—2 et ] (10)

Where, | = H2 Bor - exp (bz)

m fo
Se =2 Be(@) + 9:(2) (11)
Bu(2) = 5-7-0= (12)

Where, E§, is an axial laser intensity and fy is the dimensionless beam width parameter for E
and O modes respectively. Biz gives the radius of the curvature of wave front and ¢, (z) is
known as phase. Substituting Egs.(10), (11) and (12)in Eq. (8) and equating coefficients of r?

on both sides we get,

Form=0

62f+ _ 11 {(12 12h%-b*)8,> (Z—bz) exp[—pi]pipiyi&_r} (13)
af+ 50+ f+ 3 2

Form=2

3% fy _ 1 1 ( (84+60b2—b*)5,* +Z(bz—lo)exp[—pi]pipiyiﬁi
08 eor fP 3 2

Form=4

(14)
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d%f, 1 1 ((308+108 b2-b*)6.% = 72(b?-18)exp|[-p+|p+pivsbs
= =—= = + = === (15)
afi gOi fi 3 2
0z w w aE? Tow
Where, Y+ = 1$-Qc’ .Qp o’ 'QC o’ P+ fi? y P+ B

The quantity p; which is dimensionless and proportional to Eg represents the dimensionless
beam power on a suitably chosen scale. The beam width parameters f, is a function of &, here
&4 = z/kyr? is the normalized propagation distance.

1. Results and Discussion

Equations (13)-(15) are second order nonlinear differential equations which gives variation of
f+ with & form =0, m =2, m = 4 respectively .The first term on the right-hand side gives
diffraction divergence of the beam and the second term gives to the convergence of beam which
results from the nonlinearityin dielectric constant of collisionless magnetized plasma.

Under initial condition (at {, = 0, f1—;) the general power of laser beam p. and beam
radius p. are replaced by initial power po. and initial beam radius po.. Consider m = 0 mode
for further investigation. For initial condition one may obtain equation of initial curve [50-
52].

_ 264 exp[-pos] (b*+12b°-12)
3v+ Do+ (b2-2)

(16)

Pgi
Here, po. represent initial beam radius coresponding to E and O modes. Only E mode is
subject to the following investigation.
By following similar process given by Valkunde et.al.[27] one may obtain value of initial
beam power po. = 1 for initial minimum beam radius po+min. By using numerical values Ng
=1 % 10"%cm™3, w = 1.776 x 10™rad/s, B, = 10°gauss equation (16) gives,

(b4+12b2—12))2 17)

Pomin = 42.1483 ( —
From Eq.(17) it is seen that po+min IS purely b dependent. By using numer- ical
computation under the condition that po+min = 0 one may obtain domain of decentered
parameter. Figure 1 throws light on domain of decentered param- eter for mode index m=0.
Form Figure 1. it is seen that as initially as value of decentered parameter b increases the
value of po.min decreases and by using simple mathematical calculation one may show that
Po+min Nas minimum value pg,;.min= 206.515 at b = 2.4850 . After reaching minimum value of
Po+minWithincrease in value of decentered parameter b value of py,ninincreases.
Hence the above main domain is further divided into two sub domains

1.4142 <b <2.4850 and b >2.4850.
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Figure 1: Variation of pg.min With decentered parameter b for mode index m=0.

Under initial condition (at & =0, f=1), a;;zi = 0 and for po+ = 1 the right-hand side
+

of the Eq. (13) is represented by function F (po.min) Withvalue of decentered parameter b from
1.4142 <b <2.4850 and b >2.4850 .
F(Posmin) = —0.33333 (12 — 12b% — b*) + 0.000146513 (18)

To explore effect of initial minimum beam radius right at the beginning one needs to give
careful attention on plots shown in Figures 2a and 2b given here.

The plots shown in Figures 2a and 2b can be examined for three distinct conditions for
propagation characteristics expressed follows and the simple an- alytical approach prompts
following limits for initial minimum beam radius,

For Figure 2a (1.4142 <b <2.4850 )
For Self-trapping
F(po+min) = 0 for pgymin = 427.291 (b = 1.5)
for pgimin = 261.876 (b = 1.8)
for pgsmin = 238.724 (b = 2.1)
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Figure 2: Graph of F (po.min) against po.min for mode index m=0 (a) for 1.4142 <b <
2.4850, (b) for b > 2.4850.
For Self-focusing:
For Defocusing
F(po+min) < 0 for poymin < 238.724

F(po+min) > 0 for poymin = 427.29
For Figure 2b (b > 2.4850)
For Self-trapping
F(po+min) = 0 for pgymin = 239.851 (b = 3.0)
and for pgimin = 246.419 (b = 3.3)
and for pgymin = 254.28 (b = 3.6)
For Self-focusing:
F(po+min) < 0 for pgymin < 239.851
For Defocusing
F(po+min) > 0 for poimin = 254.28
From Figure 2a (for 1.4142 <b < 2.4850) and Figure 2b (for b > 2.4850)it is seen that
for 1.4142 < b < 2.4850, three curves intersects each other at three different points in self-
focusing region where as for b > 2.4850 the three curves intersects each other at three different
points in defocusing region. These intersecting points affect the propagation characteristics of
laser beams throughmagnetised plasma. The intersecting points are as follow:
Figure 2a (for 1.4142 <b <2.4850)
Po+min = 199.479 for b = 1.50 and b = 1.80
Po+min = 211.437 forb = 1.80 and b = 2.10
Po+min = 206.0421 for b = 1.50 and 2.10
Figure 2b (for b > 2.4850)
Po+min = 269.357 for b = 3.00 and b = 3.30
Po+min = 285.592 for b = 3.30 and b = 3.60
Po+min = 277.962 for b = 3.00 and 3.60
From Figures 3a and 3b it is clear that at the turning points, for a given po+min, there can be
two distinct values of decentered parameter b are possible which gives the identical F (po+min)
value or one may also say that there canbe two identical beam width parameter differential
equation for two distinct values of decentered parameter b such that the evolution of laser beam
would be identical. The above significance of graph is also evident from the Eq.(18) itself. In
Self-focusing region of Figure 3a po+min < 238.724 which is the present region of interest.

The Figures 4a and 4b gives variation of beam width param- eter f. againstnormalised
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propagation distance &, before and after turning points respectively.
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Figure 3: Graph of f. against &, for mode index m=0 in self focusing region of 1.4142 <
b<
2.4850 (@) before turning points (pomin = 150) (b) after turning points (po+min = 204).

In Figures 4a and 4b strong self-focusing is observed, it also reveals that initially beam starts

converging but after appreciable propagation through mag- netized plasma, the influence of

diffraction divergence dominate the convergingeffect due to nonlinearity and beam starts
diverging. However in Figure 4a ,the self-focusing length is observed over smaller interval of

&+ as compared the self- focusing length observed in Figure 4b over a given range of &..
Additionally, with increase in values of decentered parameter, the effect of b on self-focusing
length in Figure 4a is exactly opposite to that in the Figure 4b. That is from Figure 4a it is seen
that with increase in a value of decentered parameter b self- focusing length decreases whereas
from Figure 4b it is seen that with increasein a value of decentered parameter b self-focusing
length increases.

In Defocusing region of Figure 3b po.min = 116.386 which is the present region of
interest the Figures 5a and 5b gives variation of beam width parameter f. against normalized
propagation distance &, before and after turning pointsrespectively. From Figure 5a. it is seen
in that before turning points, oscillatory defocusing is observed whereas after turning points

steady state defocusing is observed over given range of &, as shown in Figure 5b.
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Figure 4: Graph of f. against & for mode index m=0 in defocusing region of b > 2.4850 (a)
before turning points (po+min = 240) (b) after turning points (pg+min = 400).

A similar process is followed for a higher mode indices m = 2 and m = 4. The numerical
results and the domain are shown in Table and Graphical results are shown in Figures below
(for mode index m = 2 refer Figures 6 to 10 and formode index m = 4 refer Figures 11 to 15).

Numerical results for mode
indices m=2 and m=4
For For
Mo _ For Self Se .
_de Domain Trapping If e- Turning points posmn
inde sof b. _focusin focusin
X PO+min 9 4
PLO+min| PO+min
m2= 3.17 < | 175.52(b = 4.00) 119.84 (b = 4.00, 5.00)
b < 6.16| 144.70(b=5.00) | <139.14| >175.52| 126.19 (b = 4.00, 6.00)
139.14(b = 6.00) 131.17 (b = 5.00, 6.00)
b >6.16| 145.32(b =8.00) 170.73 (b = 8.00, 9.00)
151.79(b =9.00) | <145.32| >159.41| 178.47 (b = 8.00, 10.00)
159.41(b = 10.00) 185.11 (b = 9.00, 10.00)
m4= 4.24< | 90.55(b =5.0) 51.67 (b = 6.0, b = 7.0)
b<829| 69.43(b=6.0) | <63.86| >90.55| 53.62 (b=25.0,b=7.0)
63.85(b = 7.0) 55.22 (b = 6.0,b = 7.0)
b>8.29 62.58(b=09.0) 67.57 (b =9.0,b = 10.0)
63.77(b=10.0) | <62.58| >65.55| 72.09 (b=9.0,b=11.0)
65.55(b = 11.0) 72.10 (b = 9.0,b = 11.0)
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Figure 6: critical curves for mode index m= 2 (a) for 3.17 <b <6.16 ,(b) for b >6.16
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Figure 7: Graph of F (po+min) against po.min for mode index m= 2 (a) for 3.17 <b <6.16
(b) for b>6.16
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Figure 9: Graph of f. against &, for mode index m = 2 in defocusing region ofb >6.16
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(a) before turning points (po+min = 148) (b) after turning points (po+min = 200)
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Figure 10: Variation of p.min With decentered parameter b for mode index m = 4.
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Figure 11: critical curves for mode index m = 4 (a) for 4.24 <b <8.29 ,(b) for b >8.29
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Figure 12: Graph of F (po+min) @gainst pg+min for mode index m = 4 (a) for 4.24 <b <8.29
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Figure 13: Graph of f. against &, for mode index m = 4 in self-focusing region of 4.24 <b
<

8.29 (a) before turning points (po+min = 30) (b) after turning points (po+min = 56)
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Figure 14: Graph of f. against &, for mode index m = 4 in self-focusing region of b >
8.29
(a) before turning points (po+min = 60) (b) after turning points (Po+min = 75)
Conclusion

In the present investigation, the domain of value of decentered parameterb for a different
mode indices (m =0, m =2 and m = 4) as well as the numerical interval of pg.min fOr a
different nonlinear phenomenon such as, self- focusing, self-trapping and defocusing are
obtained by using simple calculus. The following important conclusions are drawn from the
present analysis:
a. For each mode index there are two domains of decentered parameter b.

b. For each domain of decentered parameter b, po+min Show different be- haviour.
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c. With the increase in the mode index of the laser beam, the values of

2. po+min for decentered parameter b decreases.

a. With increase in values of decentered parameter in Self- focusing region, exactly opposite trends
of Self- focusing before and after turning points are observed . That is in Self- focusing region,
self-focusing length before turning points and after turning points shows exactly opposite
changes..

b. In defocusing region, different trends of defocusing (Oscillatory and Steady state defocusing)
before and after turning points are observed .

3. Thus, the present analytical investigations based on decentered parameter and critical beam
radius offer a choice to govern the propagation characteristics of the HChG laser beam
through collisionless magnetized plasma.
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