e-ISSN 2320 7876 www.ijfans.org
Vol.11,S lIss.1, 2022

Research Paper © 2012 IJFANS. All Rights Reserved
DOI:10.48047/1JFANS/S1/105
SOME NEW RESULTS ON GENERALIZED BS-
HOMEOMORPHISMS

K. Gowri and T. Ramachandran
Research Scholar of Mathematics, Mother Terasa Women’s University,
Kodaikanal, Tamilnadu, India
E-mail: gowrijalanika@gmail.com
Head & Department of Mathematics,
M. V. Muthiah Govt Arts College for Women,
Dindigul. Tamilnadu,India

E-mail: yasrams@gmail.com

Abstract

we introduce two classes of maps called BS-sgs-homeomorphisms and BS-gsg
homeomorphisms and study their properties. These bitopological notions are generalized from
the topological notions in bitopological spaces. These generalizations are substantiated with

suitable examples and investigated with utmost care.

1. Introduction

Levine has generalized the concept of closed sets to generalized closed sets.
Bhattacharyya and Lahiri have generalized the concept of closed sets to semi-generalized closed
sets with the help of semi-open sets and obtained various topological properties. Arya and Nour
have defined generalized semi-open sets with the help of semi-openness and used them to obtain
some characterizations of s-normal spaces. Devi et al defined two classes of maps called semi-
generalized homeomorphisms and generalized semi-homeomorphisms and also defined two
classes of maps called sgc-homeomorphisms and gsc-homeomorphisms. sgs-homeomorphisms
and gsg-homeomorphisms were recently introduced and investigated by Ozcelik and Narli.

In this chapter, we introduce two classes of maps called BS -sgs-homeomorphisms and

BS -gsg homeomorphisms and study their properties. These bitopological notions are generalized
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from the topological notions in [14]. These generalizations are substantiated with suitable

examples and investigated with utmost care.

2. New Definitions
Definition 1. Let P be a subset of X. Then P is said to be
(1) BS -semi-open if P < BS -cl(BS -int(P));
(2) BS -semi-closed if BS -int(BS -cl(P)) < P.
The complement of BS -semi-open set is called BS -semi-closed.

Remark 1. (1) Every BS -closed set is BS -semi-closed but not conversely.
(2) Every BS -open set is BS -semi-open but not conversely.

Definition 2. A map f: X — Y is called
(1) BS -closed if f(F) is BS -closed in Y for each BS -closed set F in X;
(2) BS -open if f(F) is BS -open in Y for each BS -open set F in X;
(3) BS -semi-closed if f(F) is BS -semi-closed in Y for each BS -closed set F in X.

Remark 2. Every BS -closed map is BS -semi-closed but not conversely.

Definition 3. Let P be a subset of X. Then BS -sint(P) = U{Gi : Gi is BS -semi-open in X and
Gi P} (2) BS -scl(P) = N{Hi : Hi is BS -semi-closed in X and Hi D P}.

Definition 4. Let P be a subset of X. Then P is said to be BS -sg-closed if BS -scl(P)c U
whenever P U and U is BS -semi-open.
The complement of BS -sg-closed set is called BS -sg-open.

The family of all BS -sg-closed sets of X is denoted by BS -sgc(X).
Remark 3. Every BS -semi-closed set is BS -sg-closed but not conversely.

Definition 5. Let P be a subset of X. Then P is said to be BS -gs-closed if BS -scl(P)c U
whenever P— U and U is BS -open. The complement of BS -gs-closed set is BS -gs-open. The
family of all BS -gs-closed sets of X is denoted by BS -gsc(X).

Remark 4. Every BS -sg-closed set is BS -gs-closed but not conversely.

Definition 6. A map f: X — Y is called
(1) BS -continuous if (V) is BS -closed in X for each BS -closed set V in Y;
(2) BS -sg-continuous if (V) is BS -sg-closed in X for each BS -closed set V of Y;

(3) BS -gs-continuous if f 1(V) is BS -gs-closed in X for each BS -closed set V of Y;
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(4) BS -sg-closed if f(F) is BS -sg-closed in Y for each BS -closed set F of X;

(5) BS -sg-open if f(F) is BS -sg-open in Y for each BS -open set F of X.
Remark 5. Every BS -semi-closed map is a BS -sg-closed.
Definition 7. A map f: X — Y is called

(1) BS -gs-open if f(F) is BS -gs-open in Y for each BS -open set F of X;

(2) BS -gs-closed if f(F) is BS -gs-closed in Y for each BS -closed set F of X.
Remark 6. Every BS -sg-closed map is BS -gs-closed.
Definition 8. A map f: X — Y is called

(1) BS -sg-irresolute if f(V) is BS -sg-closed in X for each BS -sg-closed set V in Y;

(2) BS -gs-irresolute if f1(V) is BS -gs-closed in X for each BS -gs-closed set V in Y.
Definition 9. A bijective map f: X — Y is called

(1) BS -homeomorphism if f is both BS -continuous and BS -open;

(2) BS -sg-homeomorphism if f is both BS -sg-continuous and BS -sg-open;

(3) BS -sgc-homeomorphism if f is BS -sg-irresolute and f is BS -sg-irresolute;

(4) BS -gs-homeomorphism if f is both BS -gs-continuous and BS -gs-open;

(5) BS -gsc-homeomorphism if f is BS -gs-irresolute and f* is BS -gs-irresolute.
Remark 7. (1) Every BS -sgc-homeomorphism is BS -sg-homeomorphism but not

conversely;
(2) Every BS -sg-homeomorphism is BS -gs-homeomorphism but not conversely;

(3) Every BS -gsc-homeomorphism is BS -gs-homeomorphism but not
conversely.
Definition 10. A space X is called
(1) BS -Ty2 if and only if every BS -gs-closed set is BS -semi-closed;
(2) BS -Th if every BS -gs-closed set is BS -closed.

Definition 11. A map f: X — Y is called BS -gsg-irresolute if f1(F) is BS -sg-closed in X for
each BS -gs-closed set F of Y.

Definition 12. A bijective map f: X — Y is called BS -gsg-homeomorphism if f and f* are both
BS -gsg-irresolute.
If there exists a BS -gsg-homeomorphism from X to Y, then the bitopological spaces X

and Y are said to be BS -gsg-homeomorphic.
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The family of all BS -gsg-homeomorphisms of X is denoted by BS -gsg h(X).
Definition 13. A map f: X — Y is called BS -sgs-irresolute if f~1(M) is BS -gs-closed in X for
each BS -sg-closed set M of Y.
Definition 14. A bijective map f: X — Y is called BS -sgs-homeomo- rphism if f and -1 are
both BS -sgs-irresolute.

If there exists a BS -sgs-homeomorphism from X to Y, then the bitopological spaces X

and Y are said to be BS -sgs-homemorphic.

3. Properties of BS-gsg-Homeomorphisms
Remark 8. The following two examples show that the concepts of BS -homeomorphisms and

BS -gsg-homeomorphisms are independent of each other.

Example 1. Let X = {a, B, v}, T1 = {¢, X} and 12 = {9, X, {a}}. Then the sets in {¢, X,

{a}} are called BS -open and the sets in {¢, X, {B, v}} are called BS -closed. Let IX: (X, 11,12)
— (X, 11, 12) be the identity map. Clearly, Ix is BS -homeomorphism but it is not BS -gsg
homeomorphism.

Example 2. Let X = {0, B}, 11 = {d, X, {B}} , 2 = {0, X, {a}}, o1 = {¢, X} and o2 = {$,X}.
Then the sets in {¢, X,{a},{B}} are called BS -open and BS -closed; and the sets in {¢, X} are
BS -open and BS -closed. Let Ix: (X, 11, 12) — (X,01,062) be the identity map. Clearly, Ix is BS -
gsg-homeomorphism but it is not BS -homeomorphism.

Example 3. Every BS -gsg-homeomorphism implies both BS -gsc-homeomorphism and BS -sgc
homeomorphism. However the converse is not true as shown by the following example.

Example 4. Let X = {o,B,y}, 11 = {d, X,{B}} and 12 = {¢, X}. Then the sets in {¢, X, {B}} are
called BS -open and the sets in {¢, X,{a,y}} are called BS -closed. We have BS -sgc(X) = {¢,X,
{a}, {v}, {o, v}} and BS -gsc(X) = {¢, X, {a}, {v}, {0, B}, {o v}, {B, v} }.

Let Ix: (X, 11, 2) — (X, 11, 12) be the identity map. Clearly Ix is both BS -gsc-
homeomorphism and BS -sgc-homeomorphism. Since the set {B, y} is BS -gs-closed but the set
Ix ({B,y}) = {B,y} is not BS -sg-closed, the identity map Ix is not BS -gsg-homeomorphism on
X.

Remark 9. Every BS -gsg-homeomorphism implies both a BS -gs-homomorphism and a BS -sg

homeomaorphism.
However the converse is not true as shown by the following example.
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Example 5. In Example 4, clearly Ix is both BS -gs-homeomorphism and BS -sg-

homeomorphism. However, Ix is not BS -gsg-homeomorphism.

4. Properties of BS-sgs-Homeomorphisms
Remark 10. Every BS -sgc-homeomorphism and BS -gsc-homeomorphism implies BS -sgs-
homeomorphism.

However the converse is not true as shown by the following examples.

Example 6. Let X =Y = {a, B, v}, 11 = {¢, X, {a}, {o, B} }, 2 = {9, X, {B}, {B. v}}, 01 ={9, Y,
{B}} and o2 = {¢, Y, {0, B}}. Then the sets in {d, X, {a}, {B}, {0, B}, {B, y}} are called BS -
open and the sets in {¢, X, {a}, {y}, {0, v}, {B, v} are called BS -closed. Moreover the sets in
{0, Y, {B}, {0, B}} are called BS -open and the sets in {¢, Y, {y}, {a, y}} are called BS -closed.
We have BS -sgc(X) = BS -gsc(X) = P(X) \ {{B}, {a, B}} where P(X) is the power set of X and
BS -sgc(Y) = {9, X, {a}, {r}, {o, v}} and BS -gsc(Y) = P(Y)\ {{B}, {0, B}}.

Clearly the identity map Ix: (X, 11, 12) — (Y,01, 62) is BS -sgs-homeomorphism but it is not BS -
sgc-homeomorphism.

Example 7. Let X =Y = {a, B, v}, 11 = {0, X, {0} }, 2 = {0, X}, 61 = {0, Y, {B}} and 52 = {9,
Y, {a, B}}. We have BS -sgc(X) = {¢, X, {B}, {y}, 1B, v} }, BS -gsc(X) = {¢, X, {B}, {v},10, B},

{o, v}, {B, v}}, BS -sge(Y) = {¢, Y, {a}, {v}, {o, v}} and BS -gsc(Y) = {9, Y, {a}, {v}.{a, v},
{B, y}}. Define f: (X, 11, 12) — (Y, 61, 62) by f(a) = B; f(B) = a; f(y) = 7. Clearly f is BS -sgs-
homeomorphism but it is not BS -gsc-homeomorphism.

Remark 11. Every BS -homeomorphism is BS -sgs-homeomorphism. However the converse is
not true as seen from the following example.

Example 8. In Example 7, clearly f is BS -sgs-homeomorphism but it is not BS -
homeomorphism.

Remark 12. Every BS -sgs-homeomorphism is BS -gs-homeomorphism. However the converse
is not true as seen from the following example.

Example 9. Let X =Y = {a, B, v}, 1 = {¢, X, {0, B}}, 12 = {9, X}, 01 ={¢, Y, {B}} and &2 = {0,
Ya {(X, B}} We have BS 'SgC(X) =BS 'gSC(X) = {(I)’ X, {Y}’ {(X, ’Y}a {B: ’Y}}, BS _SgC(Y) = {(I)! Y,

{a}, {v}, {o, v}} and BS -gsc(Y) = {4, Y, {a}, {v}, {0, v}, {B, v} }. Then, the identity map I: (X,
11, 12) — (Y, 01, 62) is BS -gs-homeomorphism but it is not BS -sgs-homeomorphism.

Example 10. The map I: (X, 11, 12) — (Y, o1, ©2) is given by Example 9 is BS -sg-
homeomorphism but it is not BS -sgs-homeomorphism.

Remark 13. (1) From the Example 10, we can see that any BS -sg-homeomorphism is not
BS -sgs-homeomorphism.
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(2) Every BS -gsg-homeomorphism is BS -sgs-homeomorphism and the converse is not true as
seen from the following example.
Example 11. Let X =Y = {a, B, v}, u = {¢, X, {a}}, 2 = {¢, X, {o, B}}, 01 = {9, Y, {a},{B},

{a,B}}and o2 ={9, Y, {B, v} }. Let f: (X, 11, 12) — (Y, 01, 62) be defined by f(a) = B,{(B) = a and
f(y) =v. Clearly fis BS -sgs-homeomorphism but it is not BS -gsg-homeomorphism.

Theorem 1. (1) Every BS -sgs-homeomorphism from BS -Ty, space onto itself is BS -gsg
homeomorphism. This implies that BS -sgs-homeomorphism is both BS -sgc-homeomorphism
and BS -gsc-homeomorphism.

(2) Every BS -sgs-homeomorphism from a BS -Tp space onto itself is BS -homeomorphism. This
implies that BS -sgs-homeomorphism is BS -gs-homeomorphism, BS -sg-homeomorphism, BS -
sgc-homeomorphism, BS -gsc-homeomorphism and BS -gsg-homeomorphism.

Proof. (i) In a BS -T12 space, every BS -gs-closed set is BS -semi-closed. (ii) In a BS -Tp space,
every BS -gs-closed set is BS -closed.

Example 11. Let X =Y = {a, B, v}, 11 = {0, X, {a}}, 2 = {0, X, {a, B}}, 01 = {9, Y, {a}, {B},

{a, B}} and 62 = {d, Y, {B, v}}. Let f: (X, 11, 12) — (Y, 01, 62) be defined by f(a) = B, f(B) = a
and f(y) =v. Clearly f is BS -sgs-homeomorphism but it is not BS -gsg-homeomorphism.

Theorem 1. (1) Every BS -sgs-homeomorphism from BS -Ty, space onto itself is BS -gsg
homeomorphism.This implies that BS -sgs-homeomorphism is both BS -sgc-homeomorphism
and BS -gsc-homeomorphism.

(2) Every BS -sgs-homeomorphism from a BS -Ty, space onto itself is BS -nomeomorphism. This

implies that BS -sgs-homeomorphism is BS -gs-homeomorphism, BS -sg-homeomorphism, BS -
sgc-homeomorphism, BS -gsc-homeomorphism and BS -gsg-homeomorphism.
Proof.

(i) In a BS -T2 space, every BS -gs-closed set is BS -semi-closed. (ii) In a BS -Ty, space,

every BS -gs-closed set is BS -closed.
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5. Conclusion

We obtain the following diagram from the above discussions.
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Where

(1) BS -gsg-homeomorphism
(2) BS -sgc-homeomorphism
(3) BS -gsc-homeomorphism
(4) BS -sgs-homeomorphism
(5) BS -sg-homeomorphism
(6) BS -gs-homeomorphism
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