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Abstract 

Graph labeling one mainly rising areas mathematics which project integers vertices 

edges both subject definite setting. provide useful mock-up broad assortment application 

such as data safety, communications net-works, X-ray, radar, circuit design data base 

organization. 

Keywords : Labeling, communication, graph, edges, Magic Labeling etc., 

Introduction: 

The concept of odd graceful graphs was introduced by Gnanajothi [11]. In this 

chapter we prove that several classes of graphs such as 𝑟𝐶4𝑘(𝑘 > 1), 𝐶𝑛 ∪ 𝐾1,𝑚  where 𝑛 =

4𝑘, 𝑘 > 1 and 𝑚 is any positive integer, and 𝐶𝑛 ∪ 𝑃𝑚 where 𝑛 = 2𝑘 are odd graceful.  
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We also prove that the graph obtained hy identifying a vertex of an even cycle with 

the centre or with a pendant vertex of a star is odd graceful and the graph obtained by 

joining a vertex of an even cycle to a pendant vertex of a star is odd graceful. We also 

construct several families of odd graceful graphs 

Theorem 1.1 Let 𝐺 be the graph obtained by identifying a pendant vertex of 𝑃𝑚 with a 

vertex of 𝐶𝑛 where 𝑛 = 4𝑘. Then 𝐺 is odd graceful. 

Proof. Let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢4𝑘 , 𝑣1, 𝑣2, … , 𝑣𝑚} 𝐶4𝑘 = (𝑢1, 𝑢2, … , 𝑢4𝑘, 𝑢1) and 𝑃𝑚 =

(𝑢4𝑘, 𝑣1, 𝑣2, … , 𝑣𝑚) 

Define 𝑓: 𝑉(𝐺) → {0,1,2,… ,2𝑞 − 1} as follows. 

𝑓(𝑢𝑖) = {
𝑖 − 1  if  𝑖 is odd and 𝑖 ≤ 2𝑘 − 1
𝑖 + 1  if  𝑖 is odd and 2𝑘 + 1 ≤ 𝑖 ≤ 4𝑘 − 1
2𝑞 − 𝑖 + 1  if  𝑖 is even 

 

The induced edge labeling 𝑓∗ is given by 

𝑓∗(𝑢𝑖𝑢𝑖+1) = {
2𝑞 − (2𝑖 − 1)  if  1 ≤ 𝑖 ≤ 2𝑘 − 1
2𝑞 − (2𝑖 + 1)  if 2𝑘 ≤ 𝑖 ≤ 4𝑘 − 1

 

𝑓∗(𝑢𝑛𝑢1) = 2𝑞 − (𝑛 − 1), 

𝑓∗(𝑣, 𝑣𝑖+1) = 2𝑞 − (2𝑛 + 2𝑖 + 1) if 1 ≤ 𝑖 ≤ 𝑛 − 1 

and 𝑓∗(𝑢𝑛𝑣1) = 2𝑞 − (2𝑛 + 1). 

The set of edge labels of the cycle 𝐶𝑛 

= {2𝑞 − 1,2𝑞 − 3,…2𝑞 − (𝑛 − 3),2𝑞 − (𝑛 + 1),… ,

2𝑞 − (2𝑛 − 1),2𝑞 − (𝑛 − 1)}.
 

The set of edge labels of the path 𝑃𝑚 

= {2𝑞 − (2𝑛 + 1),2𝑞 − (2𝑛 + 3),… ,5,3,1} 

Hence 𝐺 is odd graceful. 
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Example 1.2 The odd graceful labeling of the graph 𝐺 obtained by attaching a 

pendant vertex of 𝑃19 to a vertex of 𝐶12 is given in Figure 4.1 

 

 

 

 

 

 

 

Theorem 𝟏. 𝟑 The graph 𝐺 obtained by attaching an even cycle 𝐶 to each 

vertex of 𝐾2 is odd graceful. 

Proof. Let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢𝑛, 𝑣1, 𝑣2, … , 𝑣𝑛} 

and 𝐸(𝐺) = {𝑢1𝑢2, … , 𝑢𝑛𝑢1, 𝑢1𝑣1, 𝑣1𝑣2, … , 𝑣𝑛𝑣1} 

Let 𝑛 = 2𝑘. 

Define 𝑓: 𝑉 → {0,1,2, … ,2𝑞 − 1} as follows. 

and 

[
0  if 𝑖 = 1
8,20  if 𝑖 = 3,5
4𝑖 + 4  if  𝑖 is odd and 7 ≤ 𝑖 ≤ 𝑘
2𝑞 − 4𝑖 + 12  if 𝑖 is odd and 𝑘 + 2 ≤ 𝑖 ≤ 𝑛 − 3

14  if 𝑖 = 𝑛 − 1
2𝑞 − 1  if 𝑖 = 2

2𝑞 − 5  if 𝑖 = 4

2𝑞 − 4𝑖 + 15  if  𝑖 is even and 6 ≤ 𝑖 ≤ 𝑘 + 1

4𝑖 + 7  if 𝑖 is even and 𝑘 + 3 ≤ 𝑖 ≤ 𝑛 − 4
2𝑞 − 7  if 𝑖 = 𝑛 − 2

2𝑞 − 3  if 𝑖 = 𝑛

 

If 𝑛 = 16,20,24,… 

http://www.ijfans.org/


e-ISSN 2320 –7876 www.ijfans.org 

Vol.11, Iss.9, Dec 2022 

© 2012 IJFANS. All Rights Reserved 
Research Paper 

 

 

 
 
 
 
 

671 
 

𝑓(𝑣𝑡) =

{
 
 
 
 

 
 
 
 
1  if 𝑖 = 1
4𝑖 + 1  if  𝑖 is odd and 3 ≤ 𝑖 ≤ 𝑘 − 1
4𝑖 − 5  if 𝑖 = 𝑘 + 1
2𝑞 − 4𝑖 + 5  if  𝑖 is odd and 𝑘 + 3 ≤ 𝑖 ≤ 𝑛 − 3
7  if 𝑖 = 𝑛 − 1
4𝑛 − 4  if 𝑖 = 2
2𝑞 − 4𝑖 + 6  if  𝑖 is even and 4 ≤ 𝑖 ≤ 𝑘 − 2

2𝑛 + 6  if  𝑖 = 𝑘
4𝑖 + 2  if 𝑖 is even and 𝑘 + 2 ≤ 𝑖 ≤ 𝑛 − 2
4𝑛 − 2  if 𝑖 = 𝑛

 

and, 

𝑓(𝑢𝑖) =

{
 
 
 
 
 
 

 
 
 
 
 
 
0  if 𝑖 = 1
8,20  if 𝑖 = 3,5
4𝑖 + 4  if  𝑖 is odd and 7 ≤ 𝑖 ≤ 𝑘 − 1
2𝑛 + 12  if 𝑖 = 𝑘 + 1
2𝑞 − 4𝑖 + 12  if 𝑖  is odd and 𝑘 + 3 ≤ 𝑖 ≤ 𝑛 − 3
14  if 𝑖 = 𝑛 − 1
2𝑞 − 1  if 𝑖 = 2
2𝑞 − 5  if 𝑖 = 4

2𝑞 − 4𝑖 + 15  if  𝑖 is even and 6 ≤ 𝑖 ≤ 𝑘
4𝑖 + 7  if 𝑖  is even and 𝑘 + 2 ≤ 𝑖 ≤ 𝑛 − 4
2𝑞 − 7  if 𝑖 = 𝑛 − 2
2𝑞 − 3  if 𝑖 = 𝑛

 

All the odd numbers between 1 and 2𝑞 − 1 appear as edge labels in the above labeling. 

Hence 𝐺 is odd graceful. 

Example 1.4 An odd graceful labeling of the graph obtained by attaching a copy 

of 𝐶16 to each vertex of 𝐾2 is given in Figure 4.2. 

 

 

 

 

 

 

Fig 1.2 
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Example 𝟏. 𝟓 An odd graceful labeling of the graph obtained by attaching a copy of 𝐶18 

to each vertex of 𝐾2 is given in Figure 4.3. 

 

 

 

 

 

 

Theorem 𝟏. 𝟔 Let 𝐺 = 𝐶𝑛⊙𝐾1,𝑛 be the graph obtained by identifying a vertex of 𝐶𝑛 =

(𝑢1, 𝑢2, … , 𝑢𝑛, 𝑢1) to the centre of the star 𝐾1, m−Then 𝐺 is odd graceful if 𝑚 ≥ (𝑛 − 6)/2 

and 𝑛 is even. 

Proof. Let 𝑛 = 2𝑘 and 𝑚 ≥ 𝑘 − 3. 

Let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢2𝑘, 𝑣1, 𝑣2, … , 𝑣𝑛} and 

𝐸(𝐺) = {𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑡𝑘−1𝑢2𝑥, 𝑢2𝑘𝑢1} ∪ {𝑢1𝑣𝑖/1 ≤ 𝑖 ≤ 𝑚} 

Define 𝑓: 𝑉 → {0,1,2, … ,2𝑞 − 1} as follows. 

𝑓(𝑢𝑖) = {
𝑖 − 2  if 𝑖  is even and 2 ≤ 𝑖 ≤ 2𝑘 − 2
𝑖 + 2𝑘 − 4  if 𝑖 = 2𝑘
2𝑞 − 𝑖  if 𝑖 is  odd 

 

If 𝑚 = 𝑘 − 3, 𝑓(𝑣𝑓) = 4𝑘 + 2𝑖 − 4,  1 ≤ 𝑖 ≤ 𝑚. 

If 𝑚 > 𝑘 − 3, 

𝑓(𝑣𝑡) = {
4𝑘 + 2𝑖 − 4  if 1 ≤ 𝑖 ≤ 𝑘 − 2
4𝑘 + 2𝑖 − 2  if 𝑖 > 𝑘 − 2

 

Let 𝑓 " denote the induced edge labeling. 

Then 𝑓∗(𝑢𝑖𝑢𝑖41) = 2𝑞 − 2𝑖 + 1 if 1 ≤ 𝑖 ≤ 𝑛 − 2, 

𝑓∗(𝑢𝑛−1𝑢𝑛) = 2𝑚 − 2𝑘 + 5 and 

𝑓∗(𝑢𝑛𝑢1) = 2𝑞 − 4𝑘 + 3
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If 𝑚 = 𝑘 − 3, 

𝑓∗(𝑢1𝑣𝑡) = 2𝑞 − 2𝑖 − 4𝑘 + 3,1 ≤ 𝑖 ≤ 𝑚 

and if 𝑚 > 𝑘 − 3, 

𝑓∗(𝑢1𝑣𝑖) = {
2𝑞 − 2𝑖 − 4𝑘 + 3  if 1 ≤ 𝑖 ≤ 𝑘 − 2
2𝑞 − 2𝑖 − 4𝑘 + 1  if 𝑖 > 𝑘 − 2

 

Thus 𝑓∗(𝐸(𝐺)) = {1,3, … ,2𝑞 − 1} and hence 𝐺 is odd graceful. 

Example 1.7 An odd graceful labeling of 𝐶12⊙𝐾1,7 is given in Figure 4.4 

 

 

 

 

 

     Fig:1;4 

Theorem 1.9 𝑃𝑛𝑋𝑃2 is odd graceful where 𝑃 is a path of length 𝑛 − 1. 

Proof. Let  𝐺 = 𝑃𝑛𝑋𝑃2,  𝑉(𝐺) = {𝑎𝑖, 𝑏/1 ≤ 𝑖 ≤ 𝑛} and 

𝐸(𝐺) = {𝑎𝑎𝑖+1, 𝑏𝑏s+1/1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑎𝑏𝑖/1 ≤ 𝑖 ≤ 𝑛} 

Define 𝑓: 𝑉(𝐺) → {0,1,2,… ,2𝑞 − 1}𝑏𝑦 

𝑓(𝑎𝑖) = {
2𝑞 − 2𝑖 − 1  if 𝑖 is odd 

4𝑖 − 4  if 𝑖 is even 
 and 𝑓(𝑏𝑖) = {

2𝑞 − 2𝑖 + 3  if 𝑖 is even 

4𝑖 − 4  if 𝑖 is odd 
 

The induced edge labeling 𝑓∗ is given by 

𝑓∗(𝑎𝑝𝑓) = {
2𝑞 − 6𝑖 + 3  if  𝑖 is odd and 1 ≤ 𝑖 < 𝑛
1  if 𝑖 = 𝑛
2𝑞 − 6𝑖 + 7  if  𝑖 is even 

 

𝑓∗(𝑎𝑎𝑖+1) = {
2𝑞 − 6𝑖 − 1  if 𝑖 is odd 

2𝑞 − 6𝑖 + 1  if 𝑖 is even 
 

http://www.ijfans.org/


e-ISSN 2320 –7876 www.ijfans.org 

Vol.11, Iss.9, Dec 2022 

© 2012 IJFANS. All Rights Reserved 
Research Paper 

 

 

 
 
 
 
 

674 
 

and 𝑓∗(𝑏𝑏1+1) = {
2𝑞 − 6𝑖 + 5  if 𝑖 is odd 

2𝑞 − 6𝑖 + 3  if 𝑖 is even. 
 

Clearly 𝑓∗(𝐸) = {1,3,5, … ,2𝑞 − 1} so that G is odd graceful.■ 

Example 𝟏. 𝟓 Odd graceful labeling of 𝑃7𝑋𝑃2 is given in Figure 4.22. 

 

 

 

 

 

Fig 𝟏. 𝟓 

Conclusion: 

 Labelled graphs useful models variety range applications such as: coding theory 

crystallography, astronomy, contact system, data base managing limit programming set 

area. Now days, graph theory-based results using in field of engineering science. Graph 

labeling is vital part graph theory. Many practical problems based on graph labeling. 

Methods application problems in communication network, radio astronomy problems etc. 

Bloom Golomb present graph labelingprms in different applications. Graph labeling well 

subject mobile Ad hoc networks. The model as connectivity, modeling network and 

recreation consider. For analyz the issues in the Ad hoc network, it be modelled graph. The 

model use to analyze the issues as node dense, mobility between nodes link information 

connecting the nodes. 
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