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ABSTRACT- In this article study, we have presented innovative harmonious labeling as prime Average 

Harmonious Labeling of the graph . A function 𝐿 is called prime average harmonious labeling of 

graph 𝐺  with 𝑛  vertices and 𝑚  edges if  𝐿 ∶  𝑉 →  {0,1,2,3 … … . ,2𝑛 − 1}   is injective and the 

induced function 𝐿∗  ∶  𝐸(𝐺) →  {0,1,2, … .2𝑚} is defined by 𝐿∗( 𝑢𝑣) = 

(i) 𝐺𝐶𝐷 (𝐿(𝑢), 𝐿(𝑣)) = 1 , (ii) L(𝑢𝑣) =
𝐿(𝑢)+𝐿(𝑣)+1

2
(𝑚𝑜𝑑 𝑚) 𝑖𝑓 𝐿(𝑢) + 𝐿(𝑣) 𝑖𝑠 𝑜𝑑𝑑 , 

(iii)𝐿(𝑢𝑣) =
𝐿(𝑢)+𝐿(𝑣)

2
(𝑚𝑜𝑑 𝑚) 𝑖𝑓 𝐿(𝑢) + 𝐿(𝑣) 𝑖𝑠 𝑒𝑣𝑒𝑛.A graph that satisfies the above three 

conditionsare called a prime average harmonious labeling. A graph that admits a prime average 

harmonious labeling is called a prime average harmonious graph. 

Keywords: Average Harmonious, Prime Harmonious, Prime average harmonious,Bijective . 
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1 INTRODUCTION 

Harmonious labeling were defined by Graham and Sloane [3] as part of theirstudy of additive 

basis and are applicable to error – correcting codes. Since m their introduction in 1980, 

harmonious labeling has piqued the interest of many researchers, and they are now among the 

most widely used labeling in the literature. Sarasija and Binthiya introduced an even harmonious 

labeling. AdalinBeatress and Sarasija [2] introduced average harmonious graph in 2015. The 

concept of prime harmonious labeling was introduced and studied by P.Deepa and K .Indirani in 

2016. The concept of prime harmonious labeling of Some Graphs was extended and inroduced 

by Dr. M. Tamilselvi, K. Akilandeswari , S. Mahalakshmi 2018.On the basis of this work we 

introduced a new concept Prime Average harmonious Graphs. 

II DEFINITIONS 

Definition 2.1.A function 𝐿 is called prime harmonious labeling of graph 𝐺 with 𝑛 vertices and 

𝑚 edges if  𝐿 ∶  𝑉 →  {0,1,2,3 … … . ,2𝑛 − 1} is injective and the induced function 𝐿∗  ∶  𝐸(𝐺)  →

 {0,1,2, … .2𝑚} is defined by 𝐿∗( 𝑢𝑣) =  {
𝐺𝐶𝐷 (𝐿(𝑢), 𝐿(𝑣)) = 1

𝐿(𝑢𝑣) = 𝐿(𝑢) + 𝐿(𝑣)(𝑚𝑜𝑑 𝑚)
 

A graph which satisfies the conditions of prime labeling and harmonious labeling is called a 

prime harmonious labeling. A graph that admits a prime harmonious labeling is called a prime 

harmonious graph. 
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Definition 2.2: A quadrilateral snake 𝑄𝑛 is obtained from a path𝑢1,𝑢2,𝑢3, . . . ,𝑢𝑛by joining 𝑢𝑖 

and 𝑢𝑖+1to a new vertices 𝑣𝑖 and 𝑤𝑖 respectively and then joining𝑣𝑖 and  𝑤𝑖 for 1 ≤  𝑖 ≤  𝑛 −
 1. That is, every edge of a path is replaced bya cycle 𝐶4. 

III PRIME AVERAGE HARMONIOUS OF SOME GRAPHS 

Definition : A function 𝐿 is called prime average harmonious labeling of graph 𝐺 with 𝑛 vertices 

and 𝑚  edges if  𝐿 ∶  𝑉 →  {0,1,2,3 … … . ,2𝑛 − 1}  is injective and the induced function 𝐿∗  ∶
 𝐸(𝐺)  →  {0,1,2, … .2𝑚} is defined by  

𝐿∗( 𝑢𝑣) =  (i)𝐺𝐶𝐷 (𝐿(𝑢), 𝐿(𝑣)) = 1,; (ii)L(𝑢𝑣) =
𝐿(𝑢)+𝐿(𝑣)+1

2
(𝑚𝑜𝑑 𝑚);  𝑖𝑓 𝐿(𝑢) + 𝐿(𝑣) 𝑖𝑠 𝑜𝑑𝑑, 

(iii)𝐿(𝑢𝑣) =
𝐿(𝑢)+𝐿(𝑣)

2
(𝑚𝑜𝑑 𝑚);  𝑖𝑓 𝐿(𝑢) + 𝐿(𝑣) 𝑖𝑠 𝑒𝑣𝑒𝑛. 

A graph that satisfies the conditions of prime labeling and harmonious labeling is called a prime 

average harmonious labeling. A graph that admits a prime average harmonious labeling is called 

a prime average harmonious graph. 

Theorem 3.1. An K𝐶4 , 𝑘 ≥  1 snake graph is an Prime average harmonious graph. 

Proof. Let G be the K𝐶4 snake graph. Let 𝑉 =  {𝑢0, 𝑢ℎ , 𝑣ℎ , 𝑤ℎ ∶  1 ≤ ℎ ≤  𝑘} be the vertices of 

K𝐶4 snake graph and thus the edges of the K𝐶4snake graph 𝐸 =  {𝑢ℎ𝑣ℎ+1, 𝑢ℎ𝑤ℎ+1 ∶  0 ≤  ℎ ≤
 𝑘 −  1}  ∪  {{𝑢ℎ𝑣ℎ, 𝑢ℎ𝑤ℎ 𝑤ℎ𝑒𝑟𝑒 1 ≤  ℎ ≤  𝑘; There are 3k + 1 vertices and 4k edges. To 

define 𝐿 ∶  𝑉 (𝐺)  →  {0, 1, 2, . . . , (8𝑘 −  1)} by 𝐿(𝑢0)  =  1 , 𝐿(𝑣ℎ)  =  4ℎ −  1, 𝑓𝑜𝑟 1 ≤  ℎ ≤
 𝑘 , 𝐿(𝑤ℎ)  =  4ℎ, 𝑓𝑜𝑟 1 ≤  ℎ ≤  𝑘 , 𝐿( 𝑢ℎ)  =  4ℎ +  1, 𝑓𝑜𝑟 1 ≤  ℎ ≤  𝑘.  Then 𝐿 induced a 

bijective function 𝐿∗ ∶  𝑉 →  {0, 1,2,3 … … . ,2𝑚}defined by the edge functions are as follows : 

𝐿∗(𝑢0𝑣1) = 2,   𝐿∗(𝑢0𝑤1) = 2 , 𝐿∗(𝑢ℎ𝑣ℎ) = 4ℎ ; 1 ≤ ℎ ≤ 𝑘; 𝐿∗(𝑤ℎ𝑣ℎ) = 4ℎ + 1 ; 1 ≤ ℎ ≤ 𝑘 , 

𝐿∗(𝑢ℎ𝑣ℎ+1) = 4ℎ + 2 ; 1 ≤ ℎ ≤ 𝑘; 𝐿∗(𝑢ℎ𝑤ℎ+1) = 4ℎ + 3 ; 1 ≤ ℎ ≤ 𝑘 

Thus L admits an PAHL for the K𝐶4snake graph. Hence the K𝐶4snake graph is an PAHL graph.  

Theorem 3.2. The quadrilateral snake 𝑄𝑛is a graph with a prime average 

harmonious graph. 

Proof:  𝑉 [𝑄𝑛]  =  { 𝑢ℎ, 1 ≤  ℎ ≤  𝑛 𝑎𝑛𝑑  𝑣ℎ, 𝑤ℎ , 1 ≤  ℎ ≤  𝑛 −  1} be the vertices 

and𝑢0, 𝑢ℎ , 𝑣ℎ , 𝑤ℎ ∶  1 ≤ ℎ ≤  𝑘} 

𝐸[𝑄𝑛]  =  {𝑢ℎ𝑢ℎ+1, 𝑢ℎ𝑣ℎ, 𝑢ℎ+1𝑤ℎ , 𝑣ℎ, 𝑤ℎ;  1 ≤  ℎ ≤  𝑛 −  1} be the edges. 

There are 2n + 4 vertices and 3n + 2 edges. 

Then 𝐿  induced a bijective function 𝐿∗ ∶  𝑉 →  {0, 1,2,3 … … . , 𝑝 + 3 − 1}defined by the edge 

functions are as follows :𝐿∗(𝑢ℎ𝑣ℎ) = 4ℎ − 2  ; 1 ≤ ℎ ≤ 𝑛 − 2  , 𝐿∗(𝑤ℎ𝑢ℎ+1) = 4ℎ + 1  ; 1 ≤
ℎ ≤ 𝑛 − 2 , 𝐿∗(𝑢ℎ𝑢ℎ+1) = 4ℎ − 1 ; 1 ≤ ℎ ≤ 𝑛 − 1, 𝐿∗(𝑣ℎ𝑤ℎ+1) = 4ℎ ; 1 ≤ ℎ ≤ 𝑛 − 2 

𝐿∗(𝑢𝑛𝑣𝑛) = 0 , 𝐿∗(𝑢𝑛+1𝑣𝑛) = 1. Then L is a prime average harmonious then both vertex and 

edge label are distinct. Hence 𝑄𝑛 is a prime average harmonious graph.  
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Theorem 3.4. The Bistar graph 𝐵𝑝 ,𝑞, (𝑝 , 𝑞 ≥  1) is a prime average harmonious.  

Proof: The vertices of  𝐾2 in  𝐵𝑝 ,𝑞 are 𝑢 , 𝑣 .Let 𝑈 =  {𝑢ℎ , 1 ≤   ℎ ≤   𝑝} 𝑎𝑛𝑑  𝑉 =  {𝑣ℎ , 1 ≤

  ℎ ≤   𝑞} are the neighboring vertices to 𝑢 and 𝑣.  

𝐸[𝐵𝑝 ,𝑞]  =  {𝑢𝑣 , 𝑢𝑢ℎ , 1 ≤   ℎ ≤   𝑝  ;       𝑣𝑣ℎ , 1 ≤   ℎ ≤   𝑞} 

There are 𝑛 =  𝑝 + 𝑞  + 2 vertices and  𝑚 =  (𝑝 +  𝑞 +  1)  edges  and  

the modulo (𝑝 +  𝑞 +  1) in the graph 𝐵𝑝 ,𝑞 

Define 𝐿 ∶  𝑉(𝑃𝑟  ⊙ 𝐾1   )   →   {1,2,3 … … . ,2𝑛 − 1}  𝑏𝑦   

𝐿(𝑢)  =  1, 𝐿(𝑣)  =  2 𝑝 + 2 𝑞 + 2, ;  𝐿(𝑢ℎ  )  =  2𝑞 +  2ℎ,    1 ≤   ℎ ≤   𝑝 𝑎𝑛𝑑  

 𝐿(𝑣ℎ ) =  2ℎ +  1,        1 ≤ 𝑏 ≤  𝑞; and a  bijective function 𝐿 ∗  ∶  𝐸( 𝐵𝑝 ,𝑞 )    →

 { 0, 1, 2, 3, … , (𝑝 +  𝑞 )} the edge label are as follows:  

𝐿 ∗(𝑢𝑣) =  1 , 𝐿 ∗(𝑣𝑣ℎ  )  =   ( ℎ +  1), 1 ≤ ℎ ≤   𝑞 , 𝐿 ∗ (𝑢𝑢ℎ ) =  (𝑞 + ℎ +  1), 1 ≤   ℎ ≤
  𝑝 .The edge labels and vertex labels are distinct. Thus  the bistar𝐵𝑝 ,𝑞   was also a prime average 

harmonious . 

IV CONCLUSION 

In this paper, we investigated the Prime average harmonious labeling which is oneof the most 

important labeling techniques. As all the graphs are not prime averageharmonious, it is very 

interesting to investigate the different types of graphs which admit the prime average harmonious. 

Using some mathematical derivations, wehave reported the Prime average harmonious labeling 

of various graphs. 
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