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Abstract

In the research paper, we begin by demonstrating that any n-inner product space can be
condensed down to an n-1-inner product space as a means of getting this investigation off to a strong
beginning. As a result of this, we come up with the innovative concept of a fuzzy n-inner product space.
Mot only that, butwe also show that every fuzzy n-inner product space can be shrunk down to a fuzzy n-
1-inner product space. This result of this research paper gives a highly significant finding.

Introduction

Im 1965, [9] proposed a formalisation of what would later become known as the fuzzy set theory.
Attempts are being undertaken right now to implement this concept in areas that have not been explored
before. In mathematics and, more specifically, mathematical analysis, some applications of the fuzzy
concept include the fuzzy n-normed space and the fuzzy n-inner product space. These are only two
examples of how the fuzzy concept can be applied. The utility of the fuzzy idea is demonstrated by these
two application areas. The n-normed domain is where these two fuzzy generalisations of the domain get
their start. An "n-inner product space" is described for the first time in [3,] and this term is utilised
whenever n is a number greater than 2. There is some discussion of it in [2], and there is additional
discussion of it in [6].
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Our first conception of fuzzy n-inner product [4] is distinct from the definition of fuzzy n-inner
product in [8], which, in turn, is distinct from the definition put forward by other writers and is derived
from the definition of n-inner product space [2]. This is because the space described by the n-inner
product is implicit in the definition of the fuzzy n-inner product given in [8]. The reason for this is that
the n-innerproduct defines the space. It is possible to define the fuzzy inner product [3] independently
of the definitions given in [9], [3], and [10], and it is also possible to define the fuzzy 2-inner product [2]
regardless of the definition thatis provided in [7]. The definitions of both of these phrases are provided
down below for our convenience. Since it was first presented, the idea of a fuzzy normed space has
been developed further by a number of authors, one of which being [4].

In contrastto [7], [10] presents the idea of fuzzy norm space, which demonstrates that any fuzzy n-
normed space may be condensed down to a fuzzy (n-1)-normed space. However, the arguments in [5]
indicate that any kl...., n1 may be used to obtain an inner product, or more specifically, a {nk)-inner
product, explicitly from the n-inner product. This is demonstrated by the fact that any k1 can be used to
obtain an inner product. This property will hold true for any positive integer n that is more than 2,
regardless of the value.

On the other hand, the concept of the fuzzy n-inner product has not been presented as of yet.
Giventhatevery fuzzy n-inner product space can be reduced to a fuzzy (n-1), inner product space, we prove
theorems in thiswork that demonstrate how to derive afuzzy inner product from any fuzzy n-inner product
space. By adhering to the procedures described in these theorems, it will be possible to condense all fuzzy
n-inner product spaces down to a fuzzy inner product. These theorems provide an illustration of every fuzzy
n-inner product space, demonstrating how to compute a fuzzy inner product from each of those spaces.

Prelude

At the first of this section let we review concept of fuzzy set that have been given by [9] and
definition of n-inner product space by [2].

Definition 1. [5] Let X be any setis not empty. Thenafuzzy setA” in X is characterized by a membership
function M7 X = [0.1] Then A" can be written as

A={lxpui(x))|xeX,0<pui(x) < 1)
Definition 2. [9]. A Fuzzy point P, in X is a fuzzy setwhose membership functionis

¥ if v=ux

pr. ) = { 0 if y#ux
forally € X, where0<a < 1.

We denote fuzzy points asx, or (x, a).
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Definition 3. [9] Two fuzzy points x, and y; is said to be equal if x = y and a = p where a, B £ (0, 1].
Definition 4. [10] Let x, be a fuzzy point and A" be a fuzzy set in X. Then x, is said belong to A™ orx, €A™ if
o6 A (x).

Definition5.[1] Let X be a vectorspace overa field K and A™ be a fuzzy setin X. Then A" is said to be a fuzzy
subspace in X if forallx, y € X and A € K satisfy

(i} A" (x+y)=zmin{uA™(x), pA"(y)}
(i) pA"(Ax) = pA”(x).

Definition 6. [2] Letn € N and , n > 2, X be a vector space over R and dim(X) > n. Function C+»-. o)
XxXx. oo xX =R . ;

el times is called n-Inner Product on X if for every 1+ 42+ s X, Vs 2 € X it satisfies the
conditions:

(nIP1) (x1, x1]x2, ..., x,) 2 0 and (x,, xy|x2, ..., x,) = 0 if only if x, x3, ..., x,are linearly dependent.
(nIP2) (x1, ylx2, ... Xa) = {y, X1|x2, ..., Xn).

(nIP3) (xy,y|x2, ..., X, invariant under any permutation of xa, ..., X,,.

(nIP4) (x1, xy|x2, ..., Xn) = (X2, X2|X1, X3, ...y Xn)-

(nIPS) (ax;,ylxz, ..., Xp) = @ {x1,¥|x2, ..., x,) forall @ € R.

(nIP6) (y + 2, x1|x2, ..y Xn) = (¥, X1 |22, ooy X} + (2, X1 |22, o0y X0)-

A pair (X, (-,-]-,...,-)) is called n-Inner Product Space.

MNext, in orderto avoid any misunderstandings, we willrefer to an n-inner product as. We present a
theorem that demonstrates how, given an n-inner product space with n more than two, one can obtain a (n
k)-inner product by deriving it from the n-inner product for each. In particular, it is possible to derive an
inner product from the n-inner product in every space that contains an n-inner product.
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Theorem 1. [5] Let % ¢+ +---+)) he n-inner product space with n = 2. Fix a linearly independent set
- g -
lar.az. ....aulin x. With respect to lar, a, ..., “”}, define for each K € 1120 com = Ny o
. - ~k+1
{'1 '|'- ERE '}J-J—Jl on X" b1yr

(X, VX2, ooy Xk i = 2 (X VX2 e ooy X @iy e @, ).
{i i Y1 o) Then the function ¢+ s« -+ + Yu-k dafinas
an(n - k}-inner producton X.

A number of different definitions are available for the fuzzy inner product space. The definition that
is derived from an institutionalistic methodology is distinct from the definition that is derived from a fuzzy
point methodology. We propose a definition of the fuzzy inner product space by making use of the fuzzy
point approach, which can be found detailed in [3]. This concept is distinct from those given in [8] and [2],
respectively.

Definition7.[3].Let X be a vectorspace overkK =C or K =R.Ifwe define function
sy :AxXA—- K

with (Xas)'ﬁ)f = (x,¥) (1) for every x,,¥; € A, where A = min{a,}, and a,8 € (0, 1]. For every x,,¥s,2, € A,A =
min{a,B,y} and @, B, ¥ € (0, 1], then function (-, ) is called fuzzy inner product if it satisfies the conditions:

(FIP1) {x,x)(4) 2 0 and {x,x)(1) = 0if only if x=0.

(FIP2) (x, y) (1) = (y, x)().

(FIP3) {(rx,y) (1) = r (x,y) (1) for all r € K.

(FIP4) {x + y,2) (A) = {x,2) (4) +{y.2) (D).

(FIP5) If 0 < o0 € @ < 1 then {x, x) (@) < {x, x) (o), and there exist 0 < a, < a so that lim {x, x) (a,) = (x, x) ().

A pair (X, (', )f) is called fuzzy inner product space.

Definition 8. [13]. Let X be a vector space over K = C or K = R. Define function
Gl AXAXA > K

with <.rc,,,'\-1,g|z:,,)Jf = (x,ylz) (1) for every x,.yp.2, € A, where 1 = min{a, 8, y}, and .8,y € (0,1]. For every

Xas¥ps 2y Ws € A,A = minf{e,B,y,6} and a,B,7.6 € (0,1]. Function (-, |-)5 is called fuzzy 2-inner product if it
satisfies the following properties:

(F2P1) {x, xjw) (1) = 0 for each x,, ws € P(X), {x, x|w) (1) = 0 if only if x,, w; are linearly dependent.

(F2P2) {x, xjw) (1) = {(w, w|x)(1).

(F2P3) (x, ylw) (A) = (v, xlw)(A).

(F2P4)(rx, ylw) (1) = r(x,ylw) (1) forall r € K.

(F2P5) (x + y, 2w} (1) = (x, zlw) (1) + {y. zlw) ().

(F2P6) If 0 < o < p < lthen (x,x|w) (p) < {(x, x|w) (o), and there exist 0 < p, < p so that lim (x, x|w)(p,) =
(X, xlw) (p)

A pair (X, (-, |)f) is called fuzzy 2-inner product space.
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The proof that each n-inner product space may be reduced to an n-inner product space with one
less dimension can be found in [3, theorem 7]. At the moment, we are going to work on attempting to
demonstrate a theorem thatasserts every fuzzy n-inner product space may be reduced in size to a fuzzy n-

inner product space minus one.
Definition 9. [14]. Let n € N, n = 2 and X be a vector space over R with dim(X) > n. Define a function

Colryennsdp i AXAX--- XA >R

n+1 rimes

with
(1) (2) () s (1) 142 ]
(x yﬂtxﬂ‘z,, s = (x i b R R ) (1)

(> M

where 1 = H\in I{a"’ B).a",B € (0,1] and x", “» € A for i = 1,2,..n. Function (-,|,...,-); is called fuzzy n-inner
1€

productif it satisfies the conditions:
M) (1@ (n) M @ ) 1 (D)) m\ _ :
(FnIP1) <x PR ) 0 for Vx /. x 0, ... x5, € P(X) and (x"(,,, ® Y b oy S A‘:",)f = 0 if only if

s XX ey s X ) OTE o)
xf:”),,x:j;,, ('::, are linearly dependent.
EnIP2) (xV,5xD, .., x®) @) = (y, XV, ..., ") (1)
(Fan3)<x‘“,y|x(2’. s x("’> (A) is invariant under any permutationx®, ...,
(EnIP4) (x, xD|x), _, x®) () = (x@, XDV, 13, ., x®) (2).
(FnlIP5) (rx ) yix@, ... x‘")) 1) = r(x‘”,ylx(z), ...,.\‘"’) (A) forall r € R.
(FnIP6) (XD + 2,yx, ..., xM) (1) = (xV, kD, .., X} () + (2, yxD, ..., X} (2).
where A = :mn {@?,B,y).

.....

(FnIP7) IfO <o <p<Ithen

Pa

<x“), D)@, x‘"’) (p) < <x( D XD, ., x‘"’) (o)
and there exist 0 < p,, < p with sequence (p,,) converge to p so that

. 2
Jim (X(”,X“)Ix"’. x("’> (pm) = (x“’, P P x‘"’) ©).

A pair (X, (,|,...,)s) is called fuzzy n-inner product space.

Main Results
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Corollary 1:

The proof that each n-inner product space may be reduced to an n-inner product space with one
less dimension can be found in [5, theorem 2.7]. At the moment, we are going to work on attempting to
demonstrate atheorem that asserts every fuzzy n-inner product space may be reduced in size to a fuzzy n-
inner product space minus one.

Let (X, (-, |-, ..., -)s) be fuzzy n-inner product space for n > 2. If we define

1y L 1,(2) [ﬂ—l) (1) (2) (n=1)
(xﬂ,qlu! }‘ﬁlxﬂ,iz]'"- a1 (x :l;!vﬂ!x r{?}a---uxtm—l]sa|>f

where a is linearly independent vector, then (X, (-, |-, ..., -)}-) is fuzzy (n — 1)-inner product space.

Proof.
E(-DIP1) (x5 x‘zil,...,x‘"‘_”); = LB Y e , > 0 forall @ KD e px). I

atn-1) alh? am 32 gln— al)? T gl2) -1
2 (n=1)

Xoiiys Xpys s X 0y, @re linearly dependent, then x”tf,, xﬁz,, s f:,,__',?,alare also linearly dependent, so that

atl) (2 2 qn-1) all)? ﬂ,rly o a'm-1?

*
("“:Lv m]x(z) x“"”} =(x“) DB D a,) -0
! f

e/ () ()2 1 1 2 1 @ (n-1
Conversely, if (xﬂcfl,x;fllxi‘:,,... xf:"_“) = 0, then( ‘ },,}ﬁlxiri}, ...,xg,‘n ,f,al)f = 0. Then x t:,',.xiﬂ,_, ,x':n_tz,al are
() (2)

linearly dependent. By elementary linear algebra, this can only happen if x yi1)> X2 e (" ” . linearly dependent.
(1 (2) (n=1) () (2) (n—1)
{F(H - ]-)IP2)<xntlnyﬂ|x"¢111---1 xqm-n)f < rr“” “ﬁlx 2y mees X m-lnal)f

o

(2) (n—1)
(}B’ ﬂthlxﬂ.{?n‘"'! rﬂ.w I)‘al)f

(l) (2) (n—1)
= (y}g“ n“' a2)? =2 xﬂm_n)!
(n

(F(n — 1)IP3) Since (x:[f,,yglx 2 e b x:f:, )f is invariant under any permutation, then (xﬂ“,.y,gletg,, ol ”)f

atn? a1

( (”J,)ﬁixutl’, xf::llf,m)f is also invariant under any permutation.

(n (1) 1 (2) (n-D\* = n (1) | (2) (n—1)
(Eo—~DIP) (20, e o 2G00Y = (Rl sall o),
2 d2) (2) (1) (3) (n—1)
— (X (27 ‘,ml'x (1) l!]"""xﬂjn—ll"al)f

0121’ ai"llx l|]’x {331 "* ’xo_lﬂ—ll

(("l (2) ) A (3) (ﬂ*U)’
I
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(F(n — 1)IP5) (rx::‘fj, yﬁlxljlj, xfﬁ,ﬂ?)f = ( “‘3: vpix (23 <= xf:,,“_llf, a.)f forallr e R

(n (2) (n—1)
< ﬂlh'yﬁ]xgth’”‘!xﬂm 1r!a|)!—

(1y (n—1)
r( Xty Vﬁlxams s X oo ”)f

(F(n — DIP6) (x), + 2, yplx D ...,x("__”)f U + 2yl s a )

ﬂ,[u 1

M?p

' 1}

ol

(1) (2) (n=1)
= <X tli*.}ﬂlxﬂth?* ;x n-1y» A1

Fn-DIP7)If0 <o <p < 1 then

(xm_x(n'x(zl! Mfu—l))j (p) = (x‘”,x‘”lx‘z’,
s;(x‘” x(”[.rm

= (X{ ”, I“llx{z), sas

and there exist 0 < p,, < p with (p,,) converge to p, so that

lim (.x“]'.xmtxu’. K- l)) (om) = llm { “’,x“}lx{z),....x‘"'”.a) (Om)
m—oQ
) (1)).(2 1
(() {JI(J__ U ), >(p)
— (A‘(”,x‘”lx(z’ Lyl 1)) (p)
Corollary 2:

ﬂ'])f
)f 2 <Z'.V"yﬁ|-r[2{;n ey

(1) (2) (n—1) (—I
= (X 32 XY+ (209l

x(rl—i], a) (p)
, a) (o)
(n I]) (o)

(n=1)
ain-11° aj >f

(n-1)\*
xﬂ,i_ir—lj >f

Any fuzzy (n)-inner product space can be used to produce a fuzzy (n r)-inner product space, where r can be
any positive integer between 1 and n minus 2, and fuzzy (nr}-inner product spaces can be constructed from
any fuzzy (n}-inner product space. To provide a further level of detail, it is possible to express any n-inner
product space of fuzzy values in terms of a 2-inner product space of fuzzy values. As can be seen [3,] each
fuzzy inner product space is capable of beingturnedinto a fuzzy 2-inner product space. However, as of yet,
has not been able to supply. Following is a presentation of a theorem that illustrates the eguivalence of
fuzzy inner product spaces and fuzzy 2-inner product spaces. This demonstration demonstrates that any

fuzzy 2-inner product space is equivalent to a fuzzy inner product space.

Theorem 3. Let (X, {-.-|-) f)be fuzzy 2-inner product space where X is a vector space over field K. If we define

<xﬂ‘v}"’3)1. = (-ru-yﬂlal)f = (I., }') ()

for every x,.yp € A where 1 = min{a, B}.a,B € (0,1] and a; is linearly independent vector then (X, (-, ) is fuzzy

inner product space.

Proof.
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(FIP1) (xq, X0} p = (Xq, Xalar)s 2> O for each x, € P(X)

If x, = 0, then x, is linearly dependent so thatx,, a, are also linearly dependent. We have (x,, Xa) = (Xay Xola1) p =
0.Conversely, if {x,. x{,)f = (Xg, Xelay )y = 0, then x4, @y are also linearly dependent. By elementary linear algebra,
this can only happen if x, linearly dependent, so that x, = 0.

(FIP2) (X,,. "-’B)f = (J{m -"I”I(”)_f = (\'3 Xolay >_f = (}ﬁ..\},)j

(FIP3) (rx‘,._\;g>f = (rxm _\';glcu)f = r(.r,,. _\"3|(=‘|>f = r(_t.,.yﬁ)f forall r € K.

(FIP4) (1, + 3 2y) = (%a + yp. 2ylar) = (s :yluu)lf. + (3. ylay )J. = (%, z,,). §t (vs- :y}f

(FIP5)If 0 < 0 < p < 1 then

(-rers -rfr>f (JJ) = (-rfr- xirl“l)(ﬂ) < (xu- xn'“i > (J) = (xa- xrr)f [{T)
and there exist 0 < p, < p with (p,) converge to p, so that

’}1_.112} (Xas Xa )_f (pn) — ’}1_)“; (X, Xolar) (pn} = (Xgs Xg I(.f 1) (D) = (Xq, Xo )_}r ()0)

Corollary 3:
Each fuzzy n-inner product space can be thought of as a fuzzy inner product space.

Proof. Apply Theorem 2 and 3
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