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Abstract 

In ithis iarticle, iauthor istudied isome iinclusion irelations iand iother iuseful iproperties iof isub-classes 

iof imultivalent ianalytic ifunctions idefined iby iDziok- iSrivastava iOperator. iIn iparticular i  
 

 i(2, i0, 

i0) icoincides iwith iGoodman’s iclass iof iuniformly iconvex ifunctions. iThe iradius iof i-spirallike 

iof iorder i i(1) iand iorder iof istarlike iare icomputed. iA ispecial imember iof i  
 (  ,, iµ i) iare ialso  

iobtained. i 

Keywords: iDziok- iSrivastava iOperator, iUniformly iconvex ifunctions, i-spiral ilike, i i i 

 i i i i i i i i i i i iMultivalent ianalytic ifunctions. 

 
Mathematics iSubject iClassification: i30C45 

 

1. Introduction 

 

Geometric Function Theory which is one of the branches of Complex Analysis relating to 

certain studies on interesting results connected with Geometry and Analysis. We propose 

certain properties of Geometric Function Theory with special applications. Geometric Function 

Theory deals with several physical properties like defining the magnetic field, electromagnetic 

field, signal processing and wavelets based on the significant classes of functions with reference 

to analytic functions.  

The solution to the problem which is obtained here, if the corresponding geometric behavior is 

identified. This could be achieved using the specific tools such as differential subordinates, 

Coefficient techniques, Convolution techniques or duality techniques with polynomial sums and 

subordinate chains.  
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For instance, the coefficient estimates given by Fejer’s lemma (for convex functions). Ozaki 

conditions (univalency) Kakeya-Enostorm theory (location of zeroes), Vietori’s theorem (for 

starlike functions) and moment theory of continued fractions. To be more precise, a particular 

result relating to Alexander transform was discussed using differential subordinations, with 

special reference to sharpness by many researchers including the proposed research problem 

enclosed with this proposal. In the meantime, a Convolution technique seems to be a 

challenging tool with sharpness of various other results. The process of unifying these 

procedures of finding a unique procedure to various sub class has a change in itself with respect 

to approaches.  

For certain results related to the close-to-convex functions it is known that there are five 

functions (and their rotations) that are starlike univalent in the unit disk with their 

corresponding Taylor’s series coefficient as integers. It is expected that these functions can give 

the necessary coefficient characterization for the respective classes of close-to-convex 

functions.  

Since all the close-to-convex functions are univalent, the Fejer’s lemma and Vietori’s theorem 

may be modified in the case of close-to-convex. Similarly Ozacki condition holds good for the 

class of starlike for itself. The extremal function for the class of starlike functions and convex 

functions can be expressed as Gaussian hypergeometric function such as  2 1 1,2 ,1,z F z  and 

 2 1 1,2 2 ,2,z F z  respectively where the parameter ‘ a ’ lies in the closed interval  0,1 .  The 

behavior of the parameter ‘ a ’ describes the order of starlikeness and order of convexity. Thus 

the study of these classes is closely related to the normalized Gaussian hypergemotirc functions. 

Hence the properties of sum fractional integral operators which can be represented in terms of 

hypergeometric functions can be characterized by the parameters , ,a b c  is  2 1 , , ; .z F a b c z
 

The Earth has many natural resources that make life in the modern world possible. Notably 

natural resources provide fundamental life support, in the form of both consumptive and public-

good services. They provide important beneficial uses to the community. The very first step of 

my proposal is to relate the suitable algorithm in univalent functions in order to find the 

exploration of the hidden resources under the surface of the earth.  

Koebe initiated the study of theory of analytic univalent functions [24].  One of the major 

problems in this theory that remained for a long time was the well known Bieberbach 

conjecture or co efficient problem which had been positively settled by de Branges [7] in 1985.  

There are several excellent text books which provide the necessary background for the study of 
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this subject [9, 20, 21].   

A function    (z) analytic in domain   of the complex plane   is said to be  univalent or 

Schlicht in      if                      imply that   (  )     (  ) .The function   (z) is 

locally univalent at a point      .,  if it is univalent in some neighborhood of   . The necessary 

and sufficient condition for local univalence at    is that           in    

Without loss of generality, the domain of definition of univalent  functions can be restricted to 

the unit disc             ,  in view of the Riemann mapping theorem which asserts  that 

any simply connected domain which is not the whole plane  can be mapped onto the unit disc 

by the univalent transformation.   

 Let     be the class of functions of the form given below 

  (z)= z +       
   , 

which are analytic in the open unit disc    centered  at origin and normalized by the condition    

  (0) = 0  and         Also, let    be the subclass of    consisting of univalent function in    

Definition i1.1 i[26]: iLet i i       iand ig(z) ibe ianalytic iin i  i. iThe ifunction i       iis isubordinate ito 

ig(z) iin i  iand i i             , iif ithere iexists ian ianalytic ifunction iw(z) iin isuch ithat i           

iand i                , i   . 

If i i     iis iunivalent iin i   ithen 

                              iand i            . 

Defintion i1.2 i[28]: i iA ifunction i    i iis isaid ito ibe iconvex iof iorder i  iif iRe   
       

     
     , ifor 

iz       i0     i<1. iAnd iif ifor ievery i   i, isufficiently ismall, ithere iis ia ipoint i         ifor iwhich i 

Re   
         

      
  i< i + i . 

K( ) idenotes ithe iclass iof iconvex ifunctions iof iorder i . i iFurthermore iK(0)=0 iand i iK( )      

Definition i1.3 i[9]: iA idomain i i  i iof ithe icomplex iplane iis isaid ito ibe istare ilike iwith irespect ito ia 

ipoint i    , iif ifor iany ifixed ipoint i    , ithe iline isegment ijoining     i ito i iany ipoint i        ilies iin i  

iitself. i ii.e; i     , i   it i  i1, it             ifor i0  it  i1. iA ifunction i    iis isaid ito ibe istarlike 

iwith irespect ito iorigin, iIf iit imaps i  ionto ia istar ilike idomain iwith irespect ito ithe iorigin. i 

The isubclass iof ifunction i    iwhich iare istar ilike iunivalent iwith irespect ito ithe iorigin iis idenoted 

iby i  . 

Definition i1.4 i[23]: iA ifunction i           iis isaid ito ibe iuniformly istarlike iin, iif i i       iis iin i   
 

 

iand ihas ithe iproperty ithat ifor ievery icircular  iarc i   contained iin i    iwith icenter i i  ialso iin i  ithe 

iarc i  i    iis istarlike iwith irespect ito   i    . i    idenotes ithe iclass iof iall iuniformly istarlike 

ifunctions. 
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Definition i1.5 i[22]: iA ifunction i           iis isaid ito ibe iuniformly iconvex iin, iif i i       iis iin i  

iand ihas ithe iproperty ithat ifor ievery icircular iarc i   contained iin i    iwith icenter i i  ialso iin i  ithe 

iarc i  i    iis iconvex. i    i idenotes ithe iclass iof iall iuniformly iconvex ifunctions. 

Definition i1.6 i[29]: i iA ifunction iF iis isaid ito ibe iin ithe iclass i   iif iF i     
 i iand iF(z) i= iz      ifor 

isome i     i   . 

 

Theorem i1.1 i[28]: iA inecessary iand isufficient icondition ifor ia ifunction i      i ito ibe iconvex 

iunivalent     is ithat 

Re       
  
   

     
  i> i0, iz      

Theorem i1.2 i[27]: iIf i  i(z) i= iz i+ i i        
   , iz     i ithen i       ifor iare in. iEquality 

ibeing iobtained iby ithe ifunction i        

 

   
. 

Theorem i1.3 i[25]: iA ifunction i    imaps i i      i ionto ia iconvex ifor i0  ir  i2 i- i    This iresult  

iis isharp iin ithe isense ithat ithere iexist ifunction i    i iwhich ido inot imap i      i i ion ito ia iconvex 

icurve ifor i ir i  i2-  . 

Theorem i1.4 i[28]: iA inecessary iand isufficient icondition ifor ithe ifunction i        i ito ibe istarlike 

iunivalent iin i    iis ithat i 

Re 
      

    
   i , iz    . 

Theorem i1.5 i[10]: iIf i        , iz     ithen iRe 
      

    
  

 

 
 i, iz    . iThat iis ievery iconvex 

iunivalent ifunction iis istarlike iof iorder i

 

 
    

Theorem i1.6 i[23]: iA ifunction i i           iof ithe iform i i  i(z) i= iz+ i i      
    i    is  iin        iif 

iand ionly iif i 

Re 
          

         
    i, i(z                  . 

Theorem i1.7 i[22]: iA ifunction i i           iof ithe iform i i  i(z) i= iz+ i 

i      
    i    is iin         if iand ionly iif i 

1+ iRe 
           

     
    i, i             . 

Theorem i1.8 i[29]: iA ifunction i i           iis iin i   iif iand ionly iif i i 
      

    
    i< iRe 

      

    
 , 

i       iThe ifunction i        i

 

      
    

    
 

 

 imaps ithe iopen idisc i   onto ithe iparabolic 

iregion i   i                 iwhich ilies iin ithe isector i

  

 
 i< iarg i(w) i< i i

 

 
 i. iIt iis iseen ithat 
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i           , 

If iand ionly iif i  
  

 
   

    
     z . iAlso i i        i   , iif iand ionly iif i1+  

  
  

   

 
 
   

   z   

If ithe ifunction i  i(z)      iis igiven, ithen iby ithe iequation i(2.1), ithen iwe ihave 

                             i(z)=   
 

+ 
           

           

 
    i

    

  
    (     i i  i i i i i i i i i i i 

i i i(1.1) 

Recently, iseveral iauthors iobtained imany iinteresting iresults iinvolving ithe iDziok-Srivastava  

ilinear ioperator i i  
   (  ). i([1], i[4] i- i[9], i[11], i[13], i[14], i[16], i[19] iand i[28]). iIt ishould ialso ibe 

iremarked ithat ithe iDziok i– iSrivastava ioperator i  
   (  ) iis ia igeneralization iof imany iother 

ilinear ioperators iconsidered iin iinvestigations i[2, i3, i12, i15, i17, i18, i20, i30, i31]. iIn ithis iarticle, 

iauthor imakes ithe isimple inotation ias 

  
   (  ) i= i                          i                   

 (1.2) 

For i  i(z)      iwe ifind ifrom iequations i(1.1) iand i(1.2) ithat i 

z   
         i z   =    

           i z +      
 
  

 

   
  

 
   i z ,  

 (1.3) 

  
        i z =    i z  i  

   
     i z =    

 
           i z   i   i i i i i i i i i i  (1.4) 

and 

  
        i z  

 

 
                                   i z    

 (1.5) 

Also iif iwe iwrite i 

   
   

(  ) i=      
 
  

        
 
  

 
       i              

 
     (1.6) 

Then iit ifollows ifrom ithe iequations i(2.3) iand i(2.8) ithat i 

z    
   

        i z  
 

= i    
 

   
      i z  i+ i(p-        

   
        i z  i i(  i(z)     ).

 (1.7) 

2. Main iResults 

2.1 Foremost isubordination iassociations iand itheir iapplications 

In iorder ito iprove iour imain iresults iwe ineed ithe ifollowing ilamma: 

Lemma i2.1[2]: iLet i  ibe iconvex iunivalent ifunction iin i  iand i                  

  i       . iIf i  iis ianalytic iin i  iand i       iHence 
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       i      i   i               

Lemma i2.2 i[15]: iLet i  ibe iconvex iin i  iand i   . iSuppose i  iis ianalytic iin i  iand 

i          iIf i  iis ianalytic iin i  iwith i           iHence 

                        i   i          

Theorem i2.1: iLet i     iIf i  
   

              

 i Then i  
     

            . i 

 i i i i iProof: i iLet        
   

   
     

 

  
   

    
 i      

where i  iis ianalytic iin i  iand i      . iUtilizing iequation i     , ithe ifollowing iis 

iobtained 

            
  

     
    

  
   

    
 

Differentiating iboth isode ilogarithmically iw.r.to i  iand imultiplying iwith i , ione ican iattain 

     
      

      
 

    
     

     
 

  
     

    
 

From ithis iargument, iwe iaffirm 

     
      

      
         

Using iLemma i    iand iequation i              iis iunivalent iand iconvex iin i , ialso 

i           
   

   
. 

Theorem i2.2: i iSuppose iSuppose i   . iIf i  
   

             , i 

then i  
     

             . i 

 i i i i i i i i i i i i iProof: i iFrom iequations i      iand i      iand itheorem i    i i i i 

 i i i i i i i i i i i i ione ican iattain 

  
   

                    
   

     
 
        

     
   

              

     
     

              

     
     

             

 

 i i i i i i i i i iTheorem i3.1: iSuppose i     iIf i  
   

            , ithen 

i  
     

            . i 

http://w.r.to/
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 i i i i i i i i i iProof: iGiven i 

 i i i i i i i i i i i

  
   

               

    
   

     
 

    
          ifor i i icertain i i            

 

 i i i i i i i i i iFor i       
   

          iwe iattain 

    
   

     
 

  
   

    
         

Letting 

     
    

     
     

 

  
     

    
 iand i i     

    
     

     
 

  
     

    
 

 i i i i i i i  iHence i    iare ianalytic iin i  iwith i           . 

 i i i i i i  i iUsing itheorem i2.1, 

  
     

             i iwith i i        
   

   
 

 i i i i i i i i 
 iAlso 

    
     

     
 
    

     
          i i i i i i i i i  i i i(2.1) 

Differentiating i(2.1) iboth isides iw.r.to iz. iwe iattain 

      
     

     
 

 
 

  
     

    
 

    
     

     
 

  
     

    
            

 i i i i i i i i                  i i i i i i i i i i i i i i i i i i i i(2.2) 

 i i i i i i Using iequation i     , ion ican iyield 

        
         

         
   

 i i i i i i i i i i i i i ithe iabove isaid iinequality iwell ipleased ithe iconditions iprescribed iin iLemma i2.1. i 

 i i i i i i i i i i i i i iTherefore 

             

 

3. Conclusion 

 

The iEarth ihas imany inatural iresources ithat imake ilife iin ithe imodern iworld ipossible. iNotably 

inatural iresources iprovide ifundamental ilife isupport, iin ithe iform iof iboth iconsumptive iand 

ipublic-good iservices. iThey iprovide iimportant ibeneficial iuses ito ithe icommunity. iThe ivery ifirst 

http://w.r.to/
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istep iof imy iproposal iis ito irelate ithe isuitable ialgorithm iin iunivalent ifunctions iin iorder ito ifind 

ithe iexploration iof ithe ihidden iresources iunder ithe isurface iof ithe iearth. iThus ievery icoefficient 

ibound ihas iunique irelation iwith inatural iresources iand ican ibe ifound iusing iwave iequations 

ialong iwith iLevingston ialgorithm. 
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