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ABSTRACT: 

Marcus, A., Spielman, D.A., Srivastava, N [24] and Lubotzky, Phillips and Sarnak [22] 

presented the first explicit constructions of infinite families of Ramanujan graphs. These had 

degrees p + 1, for primes p. There have been a few other explicit constructions, presented by 

Friedman, J [18], all of which produce graphs of degree q + 1 for some prime power q. 

Gunnells, P [19] has  proved that the existence of infinite families of bipartite Ramanujan of 

every degree. While today's proof of existence does not lend itself to an explicit construction, 

it is easier to understand than the presently known explicit constructions. In this article, 

author tries to present, interestingly express developments of an endless group of unequal 

Ramanujan bipartite graphs. Furthermore, author reconstruct to a portion of the known 

techniques for developing Ramanujan bipartite graphs and examine the computational work 

expected in really carrying out the different and recent development techniques.  
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1.0 Introduction 

Let G = (V, E) be a  on n vertices with vertex set V and edge set E. A  is bipartite if its vertex 

set can be partitioned into two nonempty subsets X and Y such that each edge of G has one 
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end in X and the other in Y, and a  is k-partite if its vertex set can be partitioned into k 

nonempty subsets such that no edge in G has its both ends in the same subset. Degree of a 

vertex v, d(v), is the number vertices adjacent to v and by N(v) we denote the neighbor set of 

v. The smallest and largest degrees of vertices in G are respectively denoted by δ(G) and 

∆(G).  

An essential topic in graph theory is the investigation of the spectral hole of a customary 

(undirected) graph, that is to say, the contrast between the two biggest eigenvalues of the 

adjacency matrix of such graph. Similarly, the indistinct hole of a bipartite, bi regular graph is 

the contrast between the two biggest particular upsides of its bi adjacency. Ramanujan graphs 

(separately Ramanujan bigraphs) are graphs with an ideal grisly hole. Unequivocal 

developments of such graphs have diverse applications in regions like software engineering, 

coding  hypothesis, and packed detecting. Specifically, Burnwal, S.P.  , M [8] proved that the 

first and third creators shows that the Ramanujan graphs can give the main deterministic 

answer for the purported network communication issues. Preceding the distribution of  

Marcus, A., Spielman, D.A. and Srivastava, N [23], the framework culmination issues had 

just a probabilistic arrangement. The unequivocal onstruction of Ramanujan graphs has been 

traditionally very much examined. A few unequivocal strategies are known, for instance, by 

crafted by Candès, E. and Recht,  B  [9], Cohen, M.B [11], Li [21], Marcus, A., Spielman, 

D.A. and Srivastava, N [27], Friedman J [17], Bibak et al. [6]. These techniques are drawn 

from ideas in direct polynomial mathematics, number hypothesis, portrayal hypothesis and 

the hypothesis of automorphic structures. Interestingly, nonetheless, no express techniques 

for building unequal Ramanujan bigraphs are known. There are two or three unique 

developments in Ballantine, C., Feigon, B., Ganapathy, R., Kool, J., Maurischat, and 

K.,Wooding, A [5], and Evra, S., Parzanchevski, O [14]. 

Definition 1.1. Alon N [1] A d-regular graph is said to be a Ramanujan graph if the second 

largest eigenvalue by magnitude of its adjacency matrix, call it 𝜆2, satisfies the following 

condition: 

| 𝜆2| ≤ 2√𝑑 − 1         (1) 

A d-regular bipartite graph is said to be a bipartite Ramanujan graph if the second largest 

singular value of its biadjacency matrix, call it 𝜎2, satisfies  

𝜎2 ≤ 2√𝑑 − 1           (2) 
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Note the difference being made between the above two definitions.. If a graph is d-regular 

and bipartite, then it cannot be a Ramanujan graph, If λ2 = −d, which contradicts (1). On the 

other hand, if it satisfies (2), then it is called a bipartite Ramanujan graph.  

Definition 1.2.  A (dr , dc)-biregular bipartite graph is said to be a Ramanujan bigraph if the 

second largest singular value of its biadjacency matrix, call it σ2, satisfies   

𝜎2 ≤ √𝑑𝑟 − 1 + √𝑑𝑐 − 1            (3) 

It is easy to see that definition 1.2 contains the second case of definition 1.1 as a special case 

when dr = dc = d. A Ramanujan bigraph with dr = dc is called an unbalanced Ramanujan 

bigraph stated by Babai. L [2]. 

The rationale behind the boundaries in the above definitions is given the following results. 

In the interests of conciseness, the results are summarized and the bibliophile should access 

the unique sources for specific declarations. 

Remark i1.1 iIn ithe isame iway ithat ia iRamanujan igraph iapproximates ithe icomplete 

igraph, ia ibipartite iRamanujan igraph iapproximates ia icomplete ibipartite igraph. iWe isay 

ithat ia id-regular igraph iis ia ibipartite iRamanujan igraph iif iall iof iits iadjacency imatrix 

ieigenvalues, iother ithan id iand i-d, ihave iabsolute ivalue iat imost i2√𝑑 − 1. iThe 

ieigenvalue iof id iis ia iconsequence iof ibeing id-regular iand ithe ieigenvalue iof i-d iis ia 

iconsequence iof ibeing ibipartite. iIn iparticular, iBaldoni,M.W., iCiliberto, iC., iand 

iCattaneo, iG.M.P i[3} irecalled ithat ithe iadjacency imatrix ieigenvalues iof ia ibipartite 

igraph iare isymmetric iabout ithe iorigin. i 

Theorem i1.1 i(Ballantine, iC., iCiubotaru, iD; isee i[4]) iFix id iand ilet in→∞ iin ia id-

regular igraph iwith in ivertices. iThen 

lim
𝑛→∞

𝑖𝑛𝑓|𝜆2| ≥ 2√𝑑 − 1. i        (4) 

 

Theorem i1.2 i(Brito, iG., iDumitriu, iI., iHarris, iK.D isee i[7]) iFix i𝑑𝑟 , 𝑖𝑑𝑐 𝑖and ilet 

i𝑛𝑟 , 𝑖𝑛𝑐  𝑖approach iinfinity isubject ito i𝑑𝑟 =
𝑑𝑐𝑛𝑐

𝑛𝑟
 i 

Then 

lim
𝑛→∞

inf
𝑛𝑐→∞

|𝜎2| ≥ √𝑑𝑟 − 1 + √𝑑𝑐 − 1 i      (5) 
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Considering ithat ia id-standard igraph ihas id ias iits ibiggest ieigenvalue i𝜆1, ia iRamanujan 

igraph iis ione ifor iwhich ithe iproportion i
𝜆2

𝜆1
 iis iall iaround ias ilittle ias icould ibe 

iexpected, iconsidering ithe iAlon-Boppana ibound iof iTheorem i1. i1. iEssentially, igiven 

ithat ia i(𝑑𝑟 𝑖, 𝑖𝑑𝑐) − istandard ibipartite igraph ihas i𝜎1 = √𝑑𝑟𝑑𝑐, ia iRamanujan ibigraph iis 

ione ifor iwhich ithe iproportion i
𝜎2

𝜎1
 iis iall iaround ias ilittle ias icould ibe iexpected, 

iconsidering iTheorem i1.2. 

From ia ispecific iperspective, iRamanujan igraphs iand iRamanujan ibigraphs iare 

iinescapable. iTo ibe iexact, ion ithe ioff ichance ithat id iis ikept ifixed iand in→∞, ithe 

ismall ipart iof id-normal, in-vertex igraphs ithat ifulfill ithe iRamanujan iproperty 

iapproaches ione; iChandrasekaran, iK., iand i iVelingker, iA isee i[10]. iEssentially, iif 

i𝑑𝑟 𝑖, 𝑖𝑑𝑐 iare ikept ifixed iand i𝑛𝑟 𝑖, 𝑖𝑛𝑐→∞ i(subject iobviously ito ithe icondition ithat 

i𝑑𝑟 =
𝑑𝑐𝑛𝑐

𝑛𝑟
), ithen, iat ithat ipoint, ithe inegligible ipart iof i(𝑑𝑟 𝑖, 𝑖𝑑𝑐)- ibiregular igraphs ithat 

iare iRamanujan ibigraphs iapproaches ione; iDavidoff, iG., iSarnak iand iP., iValette, iA isee 

i[7]. iNotwithstanding, iregardless iof itheir ipervasiveness, ithere iare igenerally inot imany 

iexpress istrategies ifor ibuilding iRamanujan igraphs. 

2.0 iMain iResults 

Theorem i2.1. iEvery id-regular igraph iG ihas ia isigned iadjacency imatrix iS ifor iwhich 

ithe iminimum ieigenvalue iof iS iis iat ileast i i2√𝑑 − 1. 

Proof. i iIf i, i𝜇𝑛 ≥ −2√𝑑 − 1then iwe iknow ithat i|𝜇𝑖| ≤ 2√𝑑 − 1 𝑖for iall i1 i< ii i< in. 

iNote ithat ievery i2-lift i(The igraphs iGS ithat iwe iform ithis iway iare icalled i2-lifts iof 

iG.) iof ia ibipartite igraph iis ialso ia ibipartite igraph. 

One ican iuse ithis itheorem ito ibuild iinfinite ifamilies iof ibipartite iRamanujan igraphs, 

ibecause itheir ieigenvalues iare isymmetric iabout ithe iorigin. i i 

Theorem i2.2. i iIf iX iis ia ik-bipartite, ithen i𝜆 = 𝑘 𝑖is ian ieigenvalue iwith imultiplicity 

iequivalent ito ithe inumber iof iconnected icomponents iof iX. 

 

Proof. iLet i𝑣 = [𝑥1, 𝑥2, … . 𝑥𝑛]′ 𝑖be ian ieigenvector iof iA iwith ieigenvalue ik. iWithout 

iloss iof iover-simplification, ilet ius iassume ithat i|𝑥1| = max
1≤𝑖≤𝑛

|𝑥𝑖|. i 

Similarly ilet ius iassume𝑥1 ≥ 𝑘, 𝑖𝑘 > 0. i 
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Then 

𝑘𝑥1 = ∑  

𝑛

𝑗=1

𝑎1𝑗𝑥𝑗 ≤ ∑  

𝑛

𝑗=1

𝑎1𝑗𝑥1 = 𝑘𝑥1 

This iimplies, ithat ieach ij ifor iwhich i𝑎1𝑗 ≠ 0, iwe ishould ihave i𝑥𝑗 = 𝑥1. iIn ispecific, 

ithis iis ivalid ifor iall ij ifor iwhich i𝑣𝑗is icontiguous i𝑣1. iRehashing ithe icontention iwith 

ievery ione iof ithe iadjoining ivertices, iwe iderive ithat i𝑥𝑗 = 𝑥1 iif i𝑣𝑗  iis iassociated 

iwith 𝑖𝑣1. iAs iwe imight icopy ithis icontention ifor ievery ipart, ithe ioutcome iis ipresently 

iclear. i 

Subsequently, iif iX iis ian iassociated ik-ordinary ibipartite igraph, iwe imight iorganize ithe 

ieigenvalues ias i 

𝑘 = 𝜆0(𝑋) > 𝜆1(𝑋) ≥ ⋯ ≥ 𝜆𝑛−1(𝑋) ≥ −𝑘 

It iis ieasy ito ishow ithat i−k iis ian ieigenvalue iof iX iif iand iprovided ithat iX iis ibipartite, 

iin iwhich icase iits ivariety iis iagain iequivalent ito ithe iquantity iof iassociated iparts. iAny 

ieigenvalue i𝜆𝑖 ≠ ±𝑘 iis ialluded ito ias ia inontrivial ieigenvalue. iWe imean iby i𝜆(𝑥) 𝑖the 

ilimit iof ithe ioutright iupsides iof ievery ione iof ithe inon-trifling ieigenvalues. iA 

iRamanujan imultigraph iis ia ik-bipartite igraph ifulfilling ithe iconstraint i 

𝜆(𝑥) ≤ 2√𝑘 − 1. 

A iRamanujan ibipartite igraph iis ia iRamanujan imultigraph ihaving ino inumerous iedges 

ior ithen iagain icircles. iThe iinspiration ifor ithese idefinitions iwill ibecome iobvious iin 

iearlier iresults iobtained iby iseveral iresearchers. iThe imeaning iof isuch ibipartite igraphs 

iwill ilikewise ibe iexpounded iupon ilater. 

For ithe ioccasion, ilet ius iexpress ithat ithe iunequivocal idevelopment iof isuch ibipartite 

igraphs ifor ia iproper ik iand i𝑛 𝑖 →  𝑖∞ ihas ijust ibeen idepicted ifor ithe isituation ik i− i1 

iis iprime istated iby iDavidoff, iG., iSarnak iand i iP., iValette, iA i[12], iEvra, iS., 

iParzanchevski, iO i[14] ior ia igreat ipower i(Deligne, iP.: iLa iconjecture ide iWeil. iI 

isee[13]) iand iit iis ias iyet ian iopen iissue iin ithe ioverall icase. i 

Subsequently, ithe ileast idifficult icase ithat iis iopen iis iwhen ik=7. iThat iis, iwe ishould 

idevelop ia igroup iof i7-customary igraphs i𝑥𝑖  𝑖with i|𝑥𝑖 𝑖| itending ito ivastness iwhose 

irelating inearness iframeworks ihave inon-trifling ieigenvalues i𝜆 𝑖 ifulfilling i|𝜆| ≤ 2√6. i 

iIn ithis iunique icircumstance, iFan, iJ.L i[15] idevelops iwhat ihe icalls i'nearly' iRamanujan 
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ibipartite igraphs iby iutilizing ithe ihypothesis iof iHecke iadministrators. iMore 

iunequivocally, ihe ishows ithat ifor ieach ik, ithere iis ia igroup iof ik-customary igraphs 

i𝑥𝑖 𝑖with i i|𝑥𝑖 𝑖| iwatching iout ifor iendlessness iand ithe inon-insignificant ieigenvalues i𝜆 

iof ithe irelating inearness iframeworks ifulfill ithe idisparity i i 

𝜆(𝑥) ≤ 𝑑(𝑘 − 1)√𝑘 − 1. (𝑥) 

indicates ithe iquantity iof ipositive idivisors iof ik i− i1. 

The icomplete ibipartite igraph ias iwell ias ithe ibipartite igraph i𝑘𝑟𝑟 𝑖are ieffectively iseen 

ito ibe iRamanujan igraph. iThe iPetersen igraph i(see iFigure i2.1) iis ia i3-normal igraph 

iwhose icontiguousness iframework ihas itrademark ipolynomial 𝑖(𝜆 − 1)5(𝜆 + 2)4(𝜆 − 3), 

iand iin ithis iway iis ihandily iseen ito ibe iRamanujan. i 

 

Figure i2.1 i– iThe iPetersen iGraph 

Feng, iK., iLi,W.-C.W i[16] ihas iexposed ithat irandom ik-regular igraphs iare inear ito 

iexistence iof iRamanujans ibipartite igraph iin ithe isense ithat i𝜆1 i(as idefined iabove) 

isatisfies ithe icondition i 

𝜆1 ≤ 2√𝑘 𝑖 − 1 + 2 log 𝑘 + 𝑂(1). 

 

Remark i2.1. iIt iis isubstantial ipointing iout ithat iproficient iresolutions iof ithe imatrix 

icompletion iproblem ido inot ireally iinvolve ithe iexistence iof iRamanujan ibipartite 

igraphs iof iall isizes iand idegrees. iIt iis iadequate iif ithe i“gaps” iin ithe ipermitted ivalues 

ifor ithe idegrees iand ithe isizes iare iinsignificant i(Hall, iC., iPuder, iD. iand iSawin, iW.F i 
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see i[20]). iIf ithis iextra isovereignty ileads ito isignificant isimplification iin ithe ierection 

imeasures, ithen iit iwould ibe ia isensible itradeoff. iHowever, iresearch ion ithis iproblem iis 

istill iat ia ipromising iplatform. 

Theorem i2.3. i iFor ievery 𝑖𝑑 ≥ 5, ithere iexists ian iinfinite isequence iof id-regular 

ibipartite iRamanujan igraphs. 

Proof. iWe iknow ithat ievery inontrivial ieigenvalue iof ia icomplete i(c; id)-biregular 

graph iis izero. iThus ithe icomplete ibipartite igraph iof idegree id iis iRamanujans 

igraph. i 

By iLemma i3.1 iof i[4] iand iLet ius iassume itnat iG ibe ia igraph iwith iadjacency imatrix 

iA iand iuniversal icover iT i. iThen ithere iexists ia isigning is iof iA iso ithat iall iof ithe 

ieigenvalues iof i𝐴𝑠 𝑖are iat imost i𝜌(𝑇). 

In iparticular, iif iG iis id-regular, ithere iis ia isigning is iso ithat ithe ieigenvalues iof 

i𝐴𝑠 𝑖 𝑖are iat imost i2√𝑑 − 1 

Hence ifor ievery id-regular ibipartite iRamanujan igraph iG, ithere iis ia i2-lift iin iwhich 

ievery inontrivial ieigenvalue iis iat imost i2√𝑑 − 1. 

 iAs ithe i2-lift iof ia ibipartite igraph iis ibipartite iand ithe ieigenvalues iof ia ibipartite 

igraph iare isymmetric iabout i0, ithis i2-lift iis ialso ia id-regular ibipartite iRamanujan 

igraph. 

Thus ifor ievery id-regular ibipartite iRamanujan igraph iG, ithere iexists ianother id-regular 

ibipartite iRamanujan igraph iwith itwo itimes ias imany ivertices. 

 

3.0 Conclusion i 

As idescribed iin iSect. i2.0, ia isignificant imotivation ifor ithe istudy iof iexplicit 

iconstructions iof iRamanujan ibipartite igraphs icomes ifrom ithe imatrix icompletion 

iproblem. iThis itheme iwas iexplored iin idetail iin iMarcus, iA., iSpielman, iD.A., 

iSrivastava iN i[23] iwhere iit iwas ishown ithat iit iis ipossible ito iguarantee iexact  

icompletion iof ian iunknown ilow-rank imatrix, iif ithe isampling iset icorresponds ito ithe 

iedge iset iof ia iRamanujan ibigraph. iWhile ithat iset iof iresults iis iinteresting iin iitself, iit 

ihas iNew iand iexplicit iconstructions iof iunbalanced iRamanujan ileft iopen ithe iquestion 

iof ijust ihow iRamanujan ibigraphs iare ito ibe iconstructed. iIn ithe iliterature ito idate, 

ithere iare irelatively ifew iexplicit iconstructions iof i ithe iRamanujan igraphs iand 



IJFANS International Journal of Food and Nutritional Sciences 

 

ISSN PRINT 2319 1775 Online 2320 7876 

                                          © 2012 IJFANS. All Rights Reserved, UGC CARE Listed (Group -I) Journal Volume 8, Issue 3, 2019 

302 | P a g e  

Research paper 

ibalanced ibigraphs, iand ino iexplicit iconstructions iof ian iunbalanced iRamanujan 

ibigraph. iIn ithis ipaper, iwe ipresented ifor ithe ifirst itime ian iinfinite ifamily iof 

iunbalanced iRamanujan ibipartite igraphs iwith iexplicitly iconstructed i imatrices iwith 

ieigen ivalues. I 
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