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Abstract

Let G=(V,E) be a graph. A bijection :V—{1,2,...,|V|} is called a prime labeling if for each
edge e=uv in E, we have gcd{f(u),f(v)}=1. A graph that admits a prime labeling is called a
prime graph. In this paper, we prove that the Jewel graph Jn , Jelly fish graph Jmn, the graph Smp
, the Headwood graph ,the Butterfly graph, the Dumbbell graph are prime cordial graphs. We
also characterize the n-sided Prism graph that are prime cordial.
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1. INTRODUCTION

Let G=(V,E) be a simple undirected graph. A bijection :V—{1,2,...,|V|}is called a prime
labeling if for each edge e = uv in E, we have gcd (f(u),f(v)) = 1. A graph that admits a prime
labeling is called a prime graph. The notion of prime labeling was introduced by Roger
Entringer and was discussed in [ 4, 6, 8 ]. Terms not defined here are used in the sense of
Harary[3 ].

Definition 1.1.[5] Jewel graph Jn

Jewel graph J, is obtained from a 4-cycle with vertices X,y,u,v by joining x and y with a prime
edge and also appending edges from u and v which meets at common vertices vi (1 <i<n) .
Prime edge in a Jewel graph is defined to be the edge joining the vertices x and y.

Definition 1.2.[5] Jelly fish graph Jmn

Jelly fish graph Jm is obtained from a cycle C4, uxvyu by joining x and y with an edge and
appending m pendent edges to u and n pendent edges to v.

Definition 1.3.[5]

The Complete bipartite graph K, is called a star. We denote by Sm, a star with n spokes in
which each spoke in a path of length m.

Definition 1.4.[5]

Heawood graph is a cubic graph with 14 vertices and 21 edges as given in Fig.2.2 .
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Definition 1.5.[5]

The graph obtained by appending m pendent edges to the common vertex shared by two even
cycles of the same order n, say C, is called the Butterfly graph BFmn.

Definition 1.6.[5]

The graph obtained by joining two disjoint cycles uiUous....un U1 and vivava.....vavi With an
edge uyv: is called Dumbbell graph Dby, .

Definition 1.7[5]

Let Gt = (V1 , E1 )and Gz = (V2 , Ez ) be two graphs. Their Cartesian product G1 X Gz is
defined as a graph with vertex set V1 X V and two vertices ( u1 , v1) and ( uz , v2) are adjacent
if and only if either ui = uzand vivz eEzoruiuz eErandvy = vz .

Definition 1.8.[5]

An n-sided prism Pry, is a planar graph having two faces viz., an inner face and outer face with
n sides and every other face is a 4-cycle. In other words, it is Ch X Kz .

We use the following theorems:

Joseph Bertrand [1 ] conjectured in 1845 that for each integer n > 2, there is a prime p such that
n < p < 2n. This was named as Bertrand’s postulate. It was proved by Chebyshev [7] in 1852
and a shorter but also advanced proof was given by Ramanujan [6] in 1919 .

Theorem 1.1[1] [ Bertrand-Chebyshev theorem]

For each integer n > 2, there exists a prime p such that n <p <2n.

2. MAIN RESULTS

Definition 2.1 [4]

Let G=(V,E) be a graph. A bijection :V—{1,2,...,|V|}is called a prime labeling if for each edge
e = uv in E, we have gcd(f(u),f(v)) = 1. A graph that admits a prime labeling is called a prime
graph.

Example 2.2
The Bull graph is a prime graph. Fig. 2.1 gives a prime labeling of the Bull graph.
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Fig. 2.1
Theorem 2.3
The Jewel graph ], (n>0) is a prime graph.
Proof.

Let G = J.. The Jewel graph ] has n+4 vertices and 2n+5 edges. If n=0, the Jewel graph has
4 vertices , u, v, x and y. Define f. V( Jo) — {1,2,3,4} by f(x)=1, f(y)=3, f(u)=2 and f(v)=4.
Clearly f is a prime labeling.

Suppose n> 1. If nis itself a prime number choose p=n. Suppose n is not a prime. If n is even,
by Theorem 1.1, there exists a prime number q; suchthat? <gq; < n. Choose p = qu. If nis

odd, again by Theorem 1.1, there exists a prime number gz such that % <qz < n+l.

Choose p = qz2. Define £:V(G) — {1, 2, ..., n+4} as follows:

f(u)=1, f(x)=2, f(y)=3, f(v)=p and f( vi ) (1 <i < n+4) takes distinct values arbitrarily from the
set of remaining integers {4,...,p-1,p+1,...,n}. Clearly f is a prime labeling since by choice of p,
we have 2p > n for all n.

Theorem 2.4

The Jelly fish graph Jmn (M, n>0) is a prime graph.

Proof.

The Jelly fish graph has m+n+4 vertices and m+n+5 edges. Let G = Jmn . Let ui (1 <i<m) be
the pendent vertices appended to u and v; (1 <j <n) be the pendent vertices appended to v.

If m=n=0, Jmn is Same as the Jewel graph Jo and so prime. If not, define

f: V(G) — {1, 2,...,m+n+4} as follows:

f(u) =1, f(x)=2, f(y)=3, f(v)=p where p is chosen as in Theorem 2.3. Let f( u;) and f( v;) (L <i

<m, 1 <j<n) take distinct values arbitrarily from the set of remaining integers {4,...,p-1,
ptl,....m+n+4}. Asin Theorem 2.3, fisa prime labeling . O

Theorem 2.5

The graph Sm,n is a prime graph for all m, n.

2070

ll /\[\IS

lulinl al l o n ll )l
utritional

- .1.—. s
l .‘?‘S“‘J:l‘.'



[JFANS INTERNATIONAL JOURNAL OF FOOD AND NUTRITIONAL SCIENCES
ISSN PRINT 2319 1775 Online 2320 7876

Research Paper © 2012 JFANS. All Rights Reserved

Proof.

The graph Sy has mn+1 vertices and mn edges. Let u be the root vertex . Let the vertices of
the n spokes, each of length m be labeled as vi; (1 <i<mn, 1 <j < m) with vertices of i spoke
having labels vi1, viz,..., Vimn (1 <i<n). Let G= Smpn.

Define f: V(G) — {1, 2, ..., mn+1} as follows:

f(u)=1; For i=1, f( vy ) ((1 £j < m) are labeled with 2, 3, 4,..., m+1 consecutively. In general
the vertices in the i spoke vi1, viz,..., vim (1 <i<n) are labeled with (i-1)m+2, (i-1)m+3,...,
im+1. As the labels of the two vertices incident with an edge are either consecutive or one label
is 1, all such labels are relatively prime. So f is a prime labeling. O

Theorem 2.6

The Heawood graph is a prime graph.

Proof.

Let the vertices of the Heawood graph G be labeled as in Fig. 2.2.

Define f: V(G) — {1, 2, ..., 14} as follows:

f(vi)=lfor1<i<8,f(ve)=13, f(10)=12, f( vi1) =11, f(vi2) =10, f( vo) =13,

f(viz) =9and f(vis)=14. Itiseasy to verify that f is a prime labeling. [
Vig Vi
Vi V2
Vi2 o) O\ V3
Vi V4
N \
5 >< /
Vo Ve
@,
\%:] V7
Fig. 2.2
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Theorem 2.7
The Butterfly graph BFm,n is a prime graph.
Proof.

Let G = BFmn . G has 2n+m-1 vertices and 2n+m edges. Let the two cycles in the Butterfly
graph be taken as C; and Cz where vertices of C; are labeled as ui, uy, ..., un and that of C
are labeled as v1, vz, ..., va . Note that u1 = v1 . he pendent vertices are labeled as w1, wa, ...,
Wnm .

Define a function f:V(G) — {1, 2, ..., 2n+m-1} as follows:

flur)=f(v1)=1

f(up)=ifor 2<i<n

f(vi)=n+jfor 2<j<n

f(wk) =2n-1+k for 1<k <m.

Clearly f is a prime labeling. U
Theorem 2.8

The Dumbbell graph Db, is a prime graph.

Proof.

The graph G = Db, has 2n vertices and 2n+1 edges. By Theorem 1.1, there exists a prime p
such that n < p < 2n. The vertices are denoted by notations as in Definition 1.6.

Define f: V(G) — {1, 2, ..., 2n} as follows:
f(u)=1
f(u)=1(2<i<n)

f(v1)=p=n+k for some k.

The vertices v; ( 2 < j < n) are labeled consecutively with labels n+1, n+2, ..., n+(k-1),
nt(k+1),..., 2n. As n+1 <p and p is a prime, (n+1, p)=1. Asn <p, 2p > 2n and so (p, 2n) = 1.
Hence f is a prime labeling. N
Theorem 2.9

The n-sided prism Pry is a prime graph if and only if n is even.
Proof.

Assume that Pry is a prime graph. It is a graph with 2n vertices and 3n edges. We claim that n is
even. Suppose nisodd. Let ui (1<i<n) and v; (1<i<n) be the vertices of the inner cycle

and the outer cycle respectively so that u; and v; are adjacent. At most ‘ g’ vertices of the

inner cycle can be labeled with even integers. Similar is the case with the vertices of the outer
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cycle. Thus number of vertices that can be labeled with even integers is 2 ILZ =2 (n;1 )=n-1

asnis odd. But there are n even integers to be used as labels. Hence the graph cannot have a
prime labeling.

. Then there are ‘

1
2

Conversely , assume that n is even. Let | :‘ 2n
3

odd labels that are multiples of 3 and i~<= even labels that are multiples of 3 . The

1
2
vertices

ui, vz, uz, v4 etc are alternatively labeled with the even labels that are multiples of 3 until
they are exhausted. So there are k+2 forbidden positions for the odd multiples of 3. The
remaining even integers can be used as alternative labels in a similar way. The odd labels that
are multiples of 3 are used for vertices that are not in their forbidden positions. Similar
argument is repeated for all odd numbers less than n. In this way we get a prime labeling for the
n-sided prism Pry. b
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